Turbulence and CFD models:
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Revisiting the Reynolds stress transport equation and the turbulent kinetic energy equation

» Let us recall the exact Reynolds stress transport equation,
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- Transien-tterm. 5.  Turbulent stress transport related to the velocity and pressure fluctuations.
2 Convect-lve term. 6. Viscous stress diffusion (molecular)
3 P.rod.uctl.on term. 7. Diffusive stress transport resulting from the triple correlation of velocity fluctuations.
4. Dissipation term.
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* Recall that in our notation  7;; = 7;, .



Revisiting the Reynolds stress transport equation and the turbulent kinetic energy equation

* The previous equation can be further simplified as follows,
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» In the previous equation, we can group terms as follows,
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 These are the exact Reynolds stress transport equations.

» To derive the solvable equations, we need to use approximations in place of the terms that
contain the velocity and pressure fluctuations (€;;, 11;;, pC’ijk, P).



Revisiting the Reynolds stress transport equation and the turbulent kinetic energy equation

« Let us recall the exact turbulent kinetic energy equation TKE, which is obtained by taking the
trace of the Reynolds stress transport equation,

(97'@'@' 87'7;@' 8’L_L@ 0 8’7’2'1; 2 8p’ 0
+u :2’7'——|— €i +—— |V + — u’— —|——u'.u'u'
ot k@:ck “ 0x " 0T} 0x p \ 'Ox; 8a:k( Uil
~—— —— N ~ N ~ VRN ~— .,
1 2 3 4 5 6 7

Transient rate of change term.
9 Rate of viscous stress diffusion (molecular).

Convective term.
Turbulent transport associated with the eddy pressure and velocity fluctuations.

Production term arising from the product of the Reynolds stress and the velocity
gradient.

4. Dissipation rate.

7. Diffusive turbulent transport resulting from the triple correlation of velocity
fluctuations.

 And recall that,




Revisiting the Reynolds stress transport equation and the turbulent kinetic energy equation

« We can now substitute 7;; = —2k and simplify to obtain the following equation,
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Where ¢ is the dissipation rate (per unit mass) and is given by the following relation,

This is the exact turbulent kinetic energy transport equation.

To derive the solvable equation, we need to use approximations in place of the terms that
contain fluctuating quantities.



Revisiting the Reynolds stress transport equation and the turbulent kinetic energy equation

« The solvable turbulent kinetic energy equation TKE can be written as follows,
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* The Reynolds stresses can be modeled using the Boussinesq approximation.

* The term related to the turbulent transport and the pressure diffusion can be modeled as follows
(gradient diffusion hypothesis),
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« The term related to the dissipation rate can be modeled by adding an additional transport
equation, which will be derived later.

« All the approximations added are based on DNS simulations, experimental data, analytical
solutions, or engineering intuition.



Revisiting the Reynolds stress transport equation and the turbulent kinetic energy equation

« The exact form of the Reynolds stress transport equation, turbulent kinetic energy transport
equation, and other turbulent quantities transport equations that we will derive later (dissipation
rate, specific rate of dissipation, and so on) share some similarities.

« Namely, a production term (eddy factory), a dissipation or destruction term (where eddies are
destroyed — eddy graveyard — ), and a turbulence diffusion term (transport, diffusion, and
redistribution due to turbulence).

» Therefore, the transport equations of the turbulent quantities can be expressed in the following

way,
Vid + V-up = P° + ¢ 4+ D¢ 4+ 8¢
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- Where ¢ represents the transported turbulent quantity.



Revisiting the Reynolds stress transport equation and the turbulent kinetic energy equation

« The exact form of the Reynolds stress transport equation, turbulent kinetic energy transport
equation, and other turbulent quantities transport equations that we will derive later (dissipation
rate, specific rate of dissipation, and so on) share some similarities.

* Namely,
* A production term or the eddy factory.
» Adissipation or destruction term, where eddies are destroyed (the eddy graveyard).

« Aturbulence diffusion term that is responsible for the transport, diffusion, and redistribution
due to turbulence.

* Plus, any additional source term, such as buoyancy or gravity forces.

» Therefore, the transport equations of the turbulent quantities can be expressed in the following

way,
Vi + V-ip = P*° + &€& 4+ D? 4+ §¢
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Transient term  Convection  Production  Dissipation  Diffusion  Source terms

- Where ¢ represents the transported turbulent quantity.
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2. Revisiting the closure problem
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Revisiting the closure problem

The solvable RANS/URANS equations can be written as follows,
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Turbulent viscosity

In this case, the solvable RANS/URANS equations were obtained after substituting the
Boussinesq approximation into the exact RANS/URANS equations.

The problem now reduces to computing the turbulent eddy viscosity in the momentum equation.

Each turbulence model computes the turbulent eddy viscosity in a different way,

ur = f(k,e,w,lt,v,...)
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Revisiting the closure problem

« To compute the turbulent eddy viscosity, many approaches are available.
* To name a few,.

« Zero equation models.

* One equation models.

« Two equation models.

« Three, four, five, ... , equation models.

* Reynolds stress models.

e And so on.

» Hereafter, we will address the most widely used approaches.
« At this point, it only rest exploring some RANS/URANS turbulence models.

« The order in which we are going to present the turbulence models does not reflect the accuracy,
importance, number of equations, release date, type of approximations used, or efficiency of the
models.

» ltis an order that we think follows the derivation of the exact equations.

13



