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Chapter 1

Notation and Mathematical
Preliminaries

When presenting the fluid flow equations, as well as throughout this manuscript, we make use
of the following vector/tensor notation and mathematical operators.

From now on we are going to refer to a zero rank tensor as a scalar. A first rank tensor will
be referred as a vector. And a second rank tensor will associated to a tensor. Vectors will
be denoted by minuscule bold letters, whereas tensors by majuscule bold letters or bold greek
symbols. Scalars will be represented by normal letters or normal greek symbols.

Hereafter, the vector is almost always a column vector and a row vector is expressed as a
transpose of a column vector indicated by the superscript T. Vectors a = a1i + asj + ask and
b = b1i + boj + bsk are expressed as follows

a1 b1
a=|az|, b= |b s
as b3

the transpose of the column vectors a and b are represented as follows

aT = [a’laa27a3] ) bT = [b13b27b3] ’

=

The magnitude of a vector a is defined as |a| = (a - a)% = (a1? + a2? + a3?)

A tensor is represented as follows

A Aip Az A Ao Az
A= |Ay Ay As|, AT=|A;p Ay Az
A3z Azp Ass A1z Az Asz

If A = A", the tensor is said to be symmetric, that is, its components are symmetric about the
diagonal.

The dot product of two vectors a and b (also known as scalar product of two vectors), yields to
a scalar quantity and is given by

by
aT-b:a -b = [al,ag,ag] bo| = a1b1 + asbs + asbs.
b3
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The dot product of two vectors a and b is commutative (a-b =b-a).

The cross product of two vectors a X b (also known as vector product of two vectors), is the
vector normal to the plane of a and b, and is defined by the determinant

i j ok azbs — asby
axb= ay a2 ag| = a3b1 — a1b3 s
by by b3 a1ba — agby

a x b and b x a result in two different vectors, pointing in opposite directions with the same
magnitude (a x b = —b x a).

The tensor product (also known as dyadic product) of two vectors a® b produces a second rank
tensor and is defined by

a aiby aiby abz
a® b = abT =ab = a [bl, bg, bg] = a2b1 a2b2 a2b3 s
as azby asby asbsz

notice that unlike the dot product, the tensor product of two vectors is non-commutative
(a®@b#b®a).

The double dot product (:) of two second rank tensors A and B (also known as scalar product
of two second rank tensors)

A A Ass Bi1 Bia Bi3
A= |A Ay Axy|, B=|Bs By B3|,
Az1 Az Ass B3 B3z DBss

produces a scalar ¢ = A:B, which can be evaluated as the sum of the 9 products of the tensor
components

¢ = AjjBij = AuiBi1 + A12B12 + Ai3Bis+
A21Bo1 + Az Bag + A3 Baz+
As1Bs1 + Az B3y + A3z Bas.

The double dot product of two second rank tensors is commutative (A:B = B:A) .

The dot product of a tensor A and a vector a, produces a vector b = A - a, whose components
are

Aj1a; + Arsas + Ajzas
b =0b; = Ajja; = | As1a1 + Axas + Agzas
Aszray + Asgaz + Asszas
The dot product of a non symmetric tensor A and a vector a is non-commutative (A;ja; # a;A;j).

If the tensor A is symmetric then b=a-A = AT - a.

The dot product of two tensors A and B (also known as single dot product or tensor product of
two tensors), produces another second rank tensor C = A - B, whose components are evaluated
as

C = (i = Aix By
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The dot product of two tensors is non-commutative (A -B # B - A).

Note that our definitions of the tensor-vector dot product and tensor-tensor dot-product are
consistent with the ordinary rules of matrix algebra.

The trace of a tensor A is a scalar, evaluated by summing its diagonal components

tr A = A" = Ay + Ay + Ass.

The gradient operator V (read as nabla) in Cartesian coordinates is defined by

AN
S \0x' 9y’ 0z)

The gradient operator V when applied to a scalar quantity ¢(z,y, z) (where x,y, z are the spatial
coordinates), yields to a vector defined by

v (2006 00\"
S \oz' oy’ oz )
The notation grad for V may be also used as the gradient operator, so that, grad ¢ = V¢. The
gradient of a vector a produces a second rank tensor

(a1 dar O]
Jxr Oy 0z
rada=va= |22 00 0
g N |0z Oy Oz
Oag  day - Day
| 0z Oy 0z ]

The gradient can operate on any tensor field to produce a tensor field that is one rank higher.

The dot product of vector a and the operator V is called the divergence (div) of the vector field;

the output of this operator is a scalar and is defined as

: da1 | day | day
d —V.g=2M Y02 T43
iwwva=V - -a 5 ay 5
The divergence of a tensor A, div A or V - A, yields to a vector and is defined as
F0A1;  0Ais  0A13]
ox Oy 0z
divA=V-A= 9Axn 0Aa 0As3
ox oy 0z
6‘431 + 81432 + 8A33
L Oz y 0z |

The divergence can operate on any tensor field of rank 1 and above to produce a tensor that is

one rank lower.

The curl operator of a vector a produces another vector. This operator is defined by

i j Kk
curla=Vxaz|2 9 9|_(0m _0Oa du Jda day Jm
N |0z Oy 0z| \9y 0z 9z Oz Oz

aq a9 as

The divergence of the gradient is called the Laplacian operator and is denoted by A. The
Laplacian of a scalar ¢(z,y, z) yields to another scalar field and is defined as
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¢  Po o
divgrad¢ =V -V¢=V'g=A0¢= Ox? + 0y? t 022"
The Laplacian of a vector field a is defined as the diverge of the gradient just like in the scalar
case, but in this case it yields to a vector field, such that

82a1 82(11 82(11
+ ot

ox? 0y 022

(92(12 82612 62a2

Ox? 0y? 072

82CL3 i 820,3 T 82a3

Ox? 0y? 072

The Laplacian transforms a tensor field into another tensor field of the same rank.

divgrada =V -Va=V?a=Aa=

As previously discussed, a tensor is said to be symmetric if its components are symmetric about
the diagonal, i.e., A = AT. A tensor is said to be skew or anti-symmetric if A = —AT which
intuitively implies that A1y = Ao = A3 = 0. Every second rank tensor can be decomposed
into symmetric and skew parts by

1 1

A= (A+AT) +5 (A= AT) =symm A + skew A.

symmetric skew

The jacobian matrix of a vector field a is given by

(a1 dar D]
Jr Oy 0z
Oay  day - Jay
Oor Oy Oz
Oag  day - dag
L dx Oy 0z |

The identity matrix or unit matrix, is a matrix whose diagonal entries are all 1 and the other
entries are 0. The 3 x 3 identity matrix I is given by

1 00
I=(0 1 0
0 01

Hereafter we present some useful vector/tensor identities:

e V.-Vxa=0.

e VxVa=0.

e V(ap) =aVp+ pVa.

e V(va) =a® Va+ aVa.

° (Va)an%—axan.

. a-(Va)aza-V?.

(a®b)-Va:b-V¥.

e V(a-b)=b-Va+a-Vb+axVxb+bxVxa.
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o V. (ara)=aV-a+a-Va.

e V-Va=V(V-a)—-Vx(Vxa).

e V-(axb)=b-Vxa—a-Vxb.

e V-(a®b)=b-Va+aV-b.

ea V- (b®c)=(a-b)V-c+(a®b)-Vb.
e V. (0A)=AVa+aV-A.

e V-(Ab)=(V-A").-b+AT.Vb.

o Vx(aa)=aV xa+ Vaxa.

e Vx(axb)=aV-b+b-Va—(V-ab—a-Vb.
ea (Ab)=A-(a®b).

e a-(Ab)=(Aa)-b if A is symmetric.

e ab:A=a-(b-A)

e Atab=(A-a)-b

where a and [ are scalars; a, b and ¢ are vectors; and A is a tensor.
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Chapter 2

Governing Equations of Fluid
Dynamics

The starting point of any numerical simulation are the governing equations of the physics of the
problem to be solved. Hereafter, we present the governing equations of fluid dynamics and their
simplification for the case of an incompressible viscous flow.

The equations governing the motion of a fluid can be derived from the statements of the conser-
vation of mass, momentum, and energy [1, 2, 3]. In the most general form, the fluid motion is
governed by the time-dependent three-dimensional compressible Navier-Stokes system of equa-
tions. For a viscous Newtonian, isotropic fluid in the absence of external forces, mass diffusion,
finite-rate chemical reactions, and external heat addition; the conservation form of the Navier-
Stokes system of equations in compact differential form and in primitive variable formulation
(p,u,v,w, et) can be written as

op B
3(8/):) YV (puu) = —Vp+ V-7 +8S, (2.0.1)
9 (pet)

5 +V - (peru) =V-q—V-(pu)+7m:Vu+S,

where 7 is the viscous stress tensor and is given by

Tex Tzy Txz
T=|Tyz Tyy Tyz| - (2.0.2)
Tex Tzy Tzz
For the sake of completeness, let us recall that in the conservation form (or divergence form)
[4], the momentum equation can be written as

0
(a,(;u) +V-(puu) =-Vp+V.T1, (2.0.3)
where the tensor product of the vectors uu in eq. 2.0.3 is equal to
u w2 wv uw
uu= [v||u v w=|vu v vwl|. (2.0.4)
w wu wu  w?

Let us recall the following identity
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V:(uu) =u-Vu+u(V-u), (2.0.5)

and from the divergence-free constraint (V - u = 0) it follows that u(V - u) is zero, therefore
V - (uu) = u - Vu. Henceforth, the conservation form of the momentum equation eq. 2.0.3 is
equivalent to

p<a(§?)+u-V(u)> =-Vp+V-1,

which is the non-conservation form or advective/convective form of the momentum equation.

The set of equations 2.0.1 can be rewritten in vector form as follows

@ oe; @ Og; Oey %
ot  ox dy 0z 0x Oy

where q is the vector of the conserved flow variables given by

g,
t o

(2.0.6)

(2.0.7)

and e;, f; and g, are the vectors containing the inviscid fluxes (or convective fluxes) in the x, y
and z directions and are given by

U pv pw
pu2 +p pLU pwY
e; = pUv , fi=| p’>+p |, g = pWY , (2.0.8)
puw pow pw2 +p
(pet +p)u (pet +p)v (pet +p)w

where u is the velocity vector containing the u, v and w velocity components in the z, y and
z directions and p, p and e; are the pressure, density and total energy per unit mass respectively.

The vectors e,, f, and g, contain the viscous fluxes (or diffusive fluxes) in the z, y and z
directions and are defined as follows

Txz

(2.0.9)

| UTzz + UToy + WTzz — Q2

8
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where the heat fluxes ¢,, g, and ¢, are given by the Fourier’s law of heat conduction as follows

oT
gz = —k %>
oT
= —k — 2.0.1
Qy 8y7 ( O 0)
oT
q. = —k g>

and the viscous stresses Tpz, Tyy, T2z, Tay, Tyz> Taz, Tzzs Ty and Ty, are given by the following
relationships

2 ou Ov Ow
wa:3u<28m_8y_az)’
2 ov OJu Ow
7—1"3/:3'u(26,yam(9,2)7
2 ow Ou Ov
TZZ_3M<282_893_8y>’

(2.0.11)

In equations 2.0.9-2.0.11, T is the temperature, k is the thermal conductivity and pu is the molec-
ular viscosity. In order to derive the viscous stresses in eq. 2.0.11 the Stokes hypothesis was
used [5, 1, 6, 7].

Examining closely equations 2.0.6-2.0.11 and counting the number of equations and unknowns,
we clearly see that we have five equations in terms of seven unknown flow field variables u, v,
w, p, p, T, and e;. It is obvious that two additional equations are required to close the system.
These two additional equations can be obtained by determining relationships that exist between
the thermodynamic variables (p, p, T e;) through the assumption of thermodynamic equilibrium.
Relations of this type are known as equations of state, and they provide a mathematical rela-
tionship between two or more state functions (thermodynamic variables). Choosing the specific
internal energy e; and the density p as the two independent thermodynamic variables, then
equations of state of the form

p=pe,p), T=TI(e,p), (2.0.12)

are required. For most problems in aerodynamics and gasdynamics, it is generally reasonable
to assume that the gas behaves as a perfect gas (a perfect gas is defined as a gas whose inter-
molecular forces are negligible), i.e.,

p = pR,T, (2.0.13)

where R, is the specific gas constant and is equal to 287 3

12( for air. Assuming also that the
working gas behaves as a calorically perfect gas (a calorically perfect gas is defined as a perfect

gas with constant specific heats), then the following relations hold

e; = ¢, T, h =¢,T, y=—=, Cy = —— cp = (2.0.14)
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where v is the ratio of specific heats and is equal to 1.4 for air, ¢, the specific heat at constant
volume, ¢, the specific heat at constant pressure and h is the enthalpy. By using eq. 2.0.13 and
eq. 2.0.14, we obtain the following relations for pressure p and temperature 7" in the form of eq.
2.0.12

p _(r=De
pRy Ry 7
where the specific internal energy per unit mass e; = p/(y — 1)p is related to the total energy
per unit mass e; by the following relationship,

p=0O—-1Dpe, T= (2.0.15)

1
ew=city (v +v* +w?). (2.0.16)

In our discussion, it is also necessary to relate the transport properties (u, k) to the thermody-
namic variables. Then, the molecular viscosity p is computed using Sutherland’s formula

_ ar (2.0.17)
r= (T + Cy)’ A
where for the case of the air, the constants are C; = 1.458 x 1076 K _ and Cy = 110.4K.

msvVK

The thermal conductivity, &, of the fluid is determined from the Prandtl number (Pr = 0.72 for air)
which in general is assumed to be constant and is equal to

k= %, (2.0.18)

where ¢, and p are given by equations eq. 2.0.14 and eq. 2.0.17 respectively.

When dealing with high speed compressible flows, it is also useful to introduce the Mach number.
The mach number is a non dimensional parameter that measures the speed of the gas motion
in relation to the speed of sound a,

a= [(8p> S]é = ’y% — \/AR,T. (2.0.19)

Then the Mach number M, is given by,
U Us _ Us
a  \p/p)  VIRT

Another useful non dimensional quantity is the Reynold’s number, this quantity represents the
ratio of inertia forces to viscous forces and is given by,

oo T

(2.0.20)

o OOL
Re = pMU, (2.0.21)

where the subscript co denotes freestream conditions, L is a reference length (such as the chord
of an airfoil or the length of a vehicle), and poo is computed using the freestream temperature
Tw according to eq 2.0.17.

The first row in eq. 2.0.6 corresponds to the continuity equation. Likewise, the second, third
and fourth rows are the momentum equations, while the fifth row is the energy equation in terms

of total energy per unit mass.

The Navier-Stokes system of equations 2.0.6-2.0.9, is a coupled system of nonlinear partial differ-
ential equations (PDE), and hence is very difficult to solve analytically. In fact, to the date there

10



232

233

234

235

236

238

239

240

241

242

243

244

245

246

247

248

249

250

251

252

253

254

255

256

258

is no general closed-form solution to this system of equations; hence we look for an approximate
solution of this system of equation in a given domain D with prescribed boundary conditions
0D and given initial conditions Dq.

If in eq. 2.0.6 we set the viscous fluxes e, = 0, f, = 0 and g, = 0, we get the Euler system of
equations, which governs inviscid fluid flow. The Euler system of equations is a set of hyperbolic
equations while the Navier-Stokes system of equations is a mixed set of hyperbolic (in the inviscid
region) and parabolic (in the viscous region) equations. Therefore, time marching algorithms
are used to advance the solution in time using discrete time steps.

2.1 Simplification of the Navier-Stokes System of Equations: In-
compressible Viscous Flow Case

Equations 2.0.6-2.0.9, with an appropriate equation of state and boundary and initial conditions,
governs the unsteady three-dimensional motion of a viscous Newtonian, compressible fluid. In
many applications the fluid density may be assumed to be constant. This is true not only for
liquids, whose compressibility may be neglected, but also for gases if the Mach number is below
0.3 [2, 8]; such flows are said to be incompressible. If the flow is also isothermal, the viscosity is
also constant. In this case, the governing equations written in compact conservation differential
form and in primitive variable formulation (u,v,w,p) reduce to the following set

V-(u)=0,

ou (2.1.1)

-V
— + V- (uu) = J—i—l/VQu,
ot P

where v is the kinematic viscosity and is equal v = u/p. The previous set of equations in
expanded three-dimensional Cartesian coordinates is written as follows

ox 0Oy 0z ’
ot Ox oy 0z p Ox ox2  oy?  022)°
%+M+W+8w:_16p+y<%+%+%> (2.1.2)
ot dx 0Oy 0z p Oz 0x2  Oy?  022)°
ow n duw n dvw N ow? _ _10p e (8211) n 0%w n 82w)
ot Ox oy 0z p Ox ox2  0y2 022 )

Equation 2.1.2 governs the unsteady three-dimensional motion of a viscous, incompressible and
isothermal flow. This simplification is generally not of a great value, as the equations are
hardly any simpler to solve. However, the computing effort may be much smaller than for the
full equations (due to the reduction of the unknowns and the fact that the energy equation is
decoupled from the system of equation), which is a justification for such a simplification. The
set of equations 2.1.1 can be rewritten in vector form as follow

@ de; @ 0g; Oey % g,
ot Tox Toy T o: 0z "oy T ox

where q is the vector containing the primitive variables and is given by

(2.1.3)

11
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: (2.1.4)

S & O

and ey, f; and g, are the vectors containing the inviscid fluxes (or convective fluxes) in the x, y
and z directions and are given by

U v w
2
u”+p VU WY,
- i - . 1.
€; w > f; 02 +pl|° g; W (2 5)
UwW VW w? +p

The viscous fluxes (or diffusive fluxes) in the z, y and z directions, e,, f, and g, respectively,
are defined as follows

0 0 0
T, T T,
ew= | fo= ||, g,= || (2.1.6)
Ty Tyy Tzy
Taz Tyz Tzz

Since we made the assumptions of an incompressible flow, appropriate expressions for shear
stresses must be used, these expressions are given as follows

ou
Tyx = 2’“8:3’
ov
Tyy = 2’“87/’
ow
Tez = 200 0z’
B B ou N ov (2.1.7)
Tey = Tyz = M aiy 87.15 s
(0w O
Tez = Tox = 1 or 0z)°

ow Ov
Tyz = Tzy = M 67y+§ 5

where we used Stokes hypothesis [5, 1, 6, 7] in order to derive the viscous stresses in eq. 2.1.7.

Equation 2.1.7 can be written in compact vector form as 7 = 2uD, where D = % [Vu + VuT]
is the symmetric tensor of the velocity gradient tensor Vu = [D + S|, and where D represents
the strain-rate tensor and S represents the spin tensor (vorticity). The skew or anti-symmetric
part of the velocity gradient tensor is given by S = % [Vu — VuT].

Equations 2.1.3-2.1.6, are the governing equations of an incompressible, isothermal, viscous flow

written in conservation form. Hence, we look for an approximate solution of this set of equations
in a given domain D with prescribed boundary conditions 0D and given initial conditions Dq.

12
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Chapter 3

Turbulence Modeling

All flows encountered in engineering applications, from simple ones to complex three-dimensional
ones, become unstable above a certain Reynolds number (Re = UL/v where U and L are char-
acteristic velocity and length scales of the mean flow and v is the kinematic viscosity). At low
Reynolds numbers flows are laminar, but as we increase the Reynolds number, flows are observed
to become turbulent. Turbulent flows are characterize by a chaotic and random state of motion
in which the velocity and pressure change continuously on a broad range of time and length
scales (from the smallest turbulent eddies characterized by Kolmogorov micro-scales, to the flow
features comparable with the size of the geometry).

There are several possible approaches for the numerical simulation of turbulent flows. The first
and most intuitive one, is by directly numerically solving the governing equations over the whole
range of turbulent scales (temporal and spatial). This deterministic approach is referred as Di-
rect Numerical Simulation (DNS) [9, 10, 11, 12, 13, 14]. In DNS, a fine enough mesh and small
enough time-step size must be used so that all of the turbulent scales are resolved. Although
some simple problems have been solved using DNS; it is not possible to tackle industrial prob-
lems due to the prohibitive computer cost imposed by the mesh and time-step requirements.
Hence, this approach is mainly used for benchmarking, research and academic applications.

Another approach used to model turbulent flows is Large Eddy Simulation (LES) [15, 16, 9, 13,
14]. Here, large scale turbulent structures are directly simulated whereas the small turbulent
scales are filtered out and modeled by turbulence models called subgrid scale models. According
to turbulence theory, small scale eddies are more uniform and have more or less common char-
acteristics; therefore, modeling small scale turbulence appears more appropriate, rather than
resolving it. The computational cost of LES is less than that of DNS, since the small scale
turbulence is now modeled, hence the grid spacing is much larger than the Kolmogorov length
scale. In LES, as the mesh gets finer, the number of scales that require modeling becomes
smaller, thus approaching DNS. Thanks to the advances in computing hardware and parallel
algorithms, the use of LES for industrial problems is becoming practical.

Today’s workhorse for industrial and research turbulence modeling applications is the Reynolds
Averaged Navier-Stokes (RANS) approach [17, 18, 13, 12, 19, 14]. In this approach, the RANS
equations are derived by decomposing the flow variables of the governing equations into time-
mean (obtained over an appropriate time interval) and fluctuating part, and then time averaging
the entire equations. Time averaging the governing equations gives rise to new terms, these new
quantities must be related to the mean flow variables through turbulence models. This pro-
cess introduces further assumptions and approximations. The turbulence models are primarily
developed based on experimental data obtained from relatively simple flows under controlled
conditions. This in turn limits the range of applicability of the turbulence models. That is, no
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single RANS turbulence model is capable of providing accurate solutions over a wide range of
flow conditions and geometries.

Two types of averaging are presently used, the classical Reynolds averaging which gives rise
to the RANS equations and the mass-weighted averaging or Favre averaging which is used to
derive the Favre-Averaged Navier-Stokes equations (FANS) for compressible flows applications.
In both statistical approaches, all the turbulent scales are modeled, hence mesh and time-step
requirements are not as restrictive as in LES or DNS. Hereafter, we limit our discussion to
Reynolds averaging.

3.1 Reynolds Averaging

The starting point for deriving the RANS equations is the Reynolds decomposition [17, 3, 13,
12, 19, 14] of the flow variables of the governing equations. This decomposition is accomplished
by representing the instantaneous flow quantity ¢ by the sum of a mean value part (denoted by
a bar over the variable, as in ¢) and a time-dependent fluctuating part (denoted by a prime, as
in ¢'). This concept is illustrated in figure 3.1 and is mathematically expressed as follows,

d(x,t) = @ +  P(xt) . (3.1.1)

meanvalue  fluctuating part

Mo Ml
Y “vwvvw i |

-

p=d+¢ ¢

\

» »
L L

t t

Figure 3.1: Time averaging for a statistically steady turbulent flow (left) and time averaging for an
unsteady turbulent flow (right).

Hereafter, x is the vector containing the Cartesian coordinates x, y, and z in N = 3 (where
N is equal to the number of spatial dimensions). A key observation in eq. 3.1.1 is that ¢ is
independent of time, implying that any equation deriving for computing this quantity must be
steady state.

In eq. 3.1.1, the mean value ¢ is obtained by an averaging procedure. There are three different
forms of the Reynolds averaging:

1. Time averaging: appropriate for stationary turbulence, i.e., statically steady turbulence
or a turbulent flow that, on average, does not vary with time.

T—4o00 T

t+T
5(x) = lim ~ /t (1) dt, (3.1.2)
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here ¢ is the time and T is the averaging interval. This interval must be large compared
to the typical time scales of the fluctuations; thus, we are interested in the limit 7' — oo.
As a consequence, ¢ does not vary in time, but only in space.

2. Spatial averaging: appropriate for homogeneous turbulence.

. 1
(t) = C\lilgloo e )y o(x,t)dCV, (3.1.3)

with CV being a control volume. In this case, ¢ is uniform in space, but it is allowed to
vary in time.

3. Ensemble averaging: appropriate for unsteady turbulence.

N
Hx,1) = Jim_ % S 6%, 1), (3.1.4)
=1

where N, is the number of experiments of the ensemble and must be large enough to
eliminate the effects of fluctuations. This type of averaging can be applied to any flow
(steady or unsteady). Here, the mean value ¢ is a function of both time and space (as
illustrated in figure 3.1).

We use the term Reynolds averaging to refer to any of these averaging processes, applying any of
them to the governing equations yields to the Reynolds-Averaged Navier-Stokes (RANS) equa-
tions. In cases where the turbulent flow is both stationary and homogeneous, all three averaging
are equivalent. This is called the ergodic hypothesis.

If the mean flow ¢ varies slowly in time, we should use an unsteady approach (URANS); then,
equations eq. 3.1.1 and eq. 3.1.2 can be modified as

d(x,t) = d(x,t) + ¢'(x, 1), (3.1.5)
and
- 1 [T
(1) = T/t s(x,0)dt, T) << T <<T, (3.1.6)

where 17 and Ty are the characteristics time scales of the fluctuations and the slow variations
in the flow, respectively (as illustrated in figure 3.1). In eq. 3.1.6 the time scales should differ
by several order of magnitude, but in engineering applications very few unsteady flows satisfy
this condition. In general, the mean and fluctuating components are correlated, i.e., the time
average of their product is non-vanishing. For such problems, ensemble averaging is necessary.
An alternative approach to URANS is LES, which is out of the scope of this discussion but the
interested reader should refer to references [15, 16, 9, 13, 14].

Before deriving the RANS equations, we recall the following averaging rules,
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¢ =0,
b=0+¢ =9,
P+o=9+¢,
by = 6p = 0,
op = g’ =0,
dp=(p+¢) (P +¢)
= 00+ ¢ + 0 + ¢! (3.1.7)
= 6¢ + o9 + 3¢ + P
= oo+ ¢
¢ # 0,
& #0,
9 _ 99
ox Oz’

3.2 Incompressible Reynolds Averaged Navier-Stokes Equations

Let us recall the Reynolds decomposition for the flow variables of the incompressible Navier-
Stokes equations eq. 2.1.1,

(3.2.1)

we now substitute eq. 3.2.1 into the incompressible Navier-Stokes equations eq. 2.1.1 and we
obtain for the continuity equation

V-(u=V-(a+u)=V-(a)+V-(u) =0 (3.2.2)
Then, time averaging this equation results in
V-@+V-(u)=0, (3.2.3)
and using the averaging rules stated in eq. 3.1.7, it follows that

V- (@) =0. (3.2.4)

We next consider the momentum equation of the incompressible Navier-Stokes equations eq.
2.1.1. We begin by substituting eq. 3.2.1 into eq. 2.1.1 in order to obtain,

J(u+u)
ot

LV (a4 (@) = Y P iy, (3.25)

by time averaging eq. 3.2.5, expanding and applying the rules set in eq. 3.1.7, we obtain

16



378

379

380

381

382

383

384

385

386

387

388

389

390

391

392

393

394

395

396

397

398

399

400

401

402

403

404

405

406

407

408

409

410

L (ui + u'v’) = VP v, (3.2.6)
ot P
or after rearranging,
ou L -Vp 9. ——
E%—V-(uu):T—i—VV u-—V- (uu) (3.2.7)

By setting 7% = —p (u’u’) in equation 3.2.7, and grouping with equation 3.2.4, we obtain the
following set of equations,

V- (a)=0,

du + V- (an) = Vb Va4 VTR, (3:2.8)
ot P P

The set of equations eq. 3.2.8 are the incompressible Reynolds-Averaged Navier-Stokes (RANS)
equations. Notice that in eq. 3.2.8 we have retained the term Ou/0t, despite the fact that
u is independent of time for statistically steady turbulence, hence this expression is equal to
zero when time average. In practice, in all modern formulations of the RANS equations the
time derivative term is included. In references [17, 13, 3, 10, 20|, a few arguments justifying
the retention of this term are discussed. For not statistically stationary turbulence or unsteady
turbulence, a time-dependent RANS or unsteady RANS (URANS) approach is required, an
URANS computation simply requires retaining the time derivative term du/dt in the computa-
tion. For unsteady turbulence, ensemble average is recommended and often necessary.

The incompressible Reynolds-Averaged Navier-Stokes (RANS) equations eq. 3.2.8 are identical
to the incompressible Navier-Stokes equations eq. 2.1.1 with the exception of the additional term
h=—p (W), where 7% is the so-called Reynolds-stress tensor (notice that by doing a check
of dimensions, it will show that 7 it is not actually a stress; it must be multiplied by the density
p, as it is done consistently in this manuscript, in order to have dimensions corresponding to the
stresses. On the other hand, since we are assuming that the flow is incompressible, that is, p is
constant, we might set the density equal to unity, thus obtaining implicit dimensional correctness.
Moreover, because we typically use kinematic viscosity v, there is an implied division by p in
any case). The Reynolds-stress tensor represents the transfer of momentum due to turbulent

fluctuations. In 3D, the Reynolds-stress tensor 7 consists of nine components
pu'v/  pu'v'  puw!
=_p (Wu) =— [ po'/ pv'v/  po'u | . (3.2.9)
pw'u’  pw'v'  pw'w’

However, since u, v and w can be interchanged, the Reynolds-stress tensor forms a symmetrical
second order tensor containing only six independent components. By inspecting the set of
equations eq. 3.2.8 we can count ten unknowns, namely; three components of the velocity (u, v,
w), the pressure (p), and six components of the Reynolds stress (TR =—p (W)), in terms of
four equations, hence the system is not closed. The fundamental problem of turbulence modeling
based on the Reynolds-averaged Navier-Stokes equations is to find six additional relations in
order to close the system of equations eq. 3.2.8.

3.3 Boussinesq Approximation

The Reynolds averaged approach to turbulence modeling requires that the Reynolds stresses
in eq. 3.2.8 to be appropriately modeled (however, it is possible to derive its own governing
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equations, but it is much simpler to model this term). A common approach uses the Boussinesq
hypothesis to relate the Reynolds stresses 7% to the mean velocity gradients such that

- _ 2 2
t=—p (u'u') = QuTDR — gpk:I = pr |Va+ (Vﬁ)T] — gpk:I, (3.3.1)

where D denotes the Reynolds-averaged strain-rate tensor (3(Vvu+ vul)), Iis the identity
matrix, pur is called the turbulent eddy viscosity, and

k=—-u - u, (3.3.2)

is the turbulent kinetic energy. Basically, we assume that this fluctuating stress is proportional
to the gradient of the average quantities (similarly to Newtonian flows). The second term in
eq. 3.3.1 ( % pkI), is added in order for the Boussinesq approximation to be valid when traced,
that is, the trace of the right hand side in eq. 3.3.1 must be equal to that of the left hand side
(—p(u'u/)"" = —2pk), hence it is consistent with the definition of turbulent kinetic energy (eq.
3.3.2). In order to evaluate k, usually a governing equation for & is derived and solved, typically
two-equations models include such an option.

The turbulent eddy viscosity pr (in contrast to the molecular viscosity ), is a property of the
flow field and not a physical property of the fluid. The eddy viscosity concept was developed
assuming that a relationship or analogy exists between molecular and turbulent viscosities. In
spite of the theoretical weakness of the turbulent eddy viscosity concept, it does produce rea-
sonable results for a large number of flows.

The Boussinesq approximation reduces the turbulence modeling process from finding the six
turbulent stress components 7 to determining an appropriate value for the turbulent eddy
viscosity ur.

One final word of caution, the Boussinesq approximation discussed here, should not be associ-
ated with the completely different concept of natural convection.

3.4 Two-Equations Models. The k£ — w Model

In this section we present the widely used k — w model. As might be inferred from the termi-
nology (and the tittle of this section), it is a two-equation model. In its basic form it consist
of a governing equation for the turbulent kinetic energy k, and a governing equation for the
turbulent specific dissipation rate w. Together, these two quantities provide velocity and length
scales needed to directly find the value of the turbulent eddy viscosity pur at each point in a
computational domain. The k& — w model has been modified over the years, new terms (such
as production and dissipation terms) have been added to both the k& and w equations, which
have improved the accuracy of the model. Because it has been tested more extensively than any
other k¥ — w model, we present the Wilcox model [21].

Eddy Viscosity

pk
= — 3.4.1
Hr w ( )
Turbulent Kinetic Energy
k
G + pV - (ak) = 7:Va — B*pkw + V - [(1 + o™ ) VE] (3.4.2)
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Specific Dissipation Rate

0

pa—i +pV - (tw) = Q%TR:Vl_l — Bpw? +V - [(p + opr) Vol (3.4.3)

Closure Coefficients

5 3 9 1 1

= _ = — * = == = 3.4.4
=5 =W 000 772 7 T2 (8.44)

Auxiliary Relations

k2

e = [wk and l= o (3.4.5)

Equations eq. 3.2.8 and eq. 3.4.1-3.4.5, are the governing equations of an incompressible,
isothermal, turbulent flow written in conservation form. Hence, we look for an approximate

solution of this set of equations in a given domain D, with prescribed boundary conditions 9D,
and given initial conditions Dq.
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Chapter 4

Finite Volume Method Discretization

The purpose of any discretization practice is to transform a set of partial differential equations
(PDEs) into a corresponding system of discrete algebraic equations (DAEs). The solution of
this system produces a set of values which correspond to the solution of the original equations at
some predetermined locations in space and time, provided certain conditions are satisfied. The
discretization process can be divided into two steps, namely; the discretization of the solution
domain and the discretization of the governing equation.

The discretization of the solution domain produces a numerical description of the computational
domain (also known as mesh generation). The space is divided into a finite number of discrete
regions, called control volumes (CVs) or cells. For transient simulations, the time interval is also
split into a finite number of time steps. The governing equations discretization step altogether
with the domain discretization, produces an appropriate transformation of the terms of the gov-
erning equations into a system of discrete algebraic equations that can be solve using any direct
or iterative method.

In this section, we briefly presents the finite volume method (FVM) discretization, with the
following considerations in mind:

e The method is based on discretizing the integral form of the governing equations over each
control volume of the discrete domain. The basic quantities, such as mass and momentum,
will therefore be conserved at the discrete levels.

e The method is applicable to both steady-state and transient calculations.
e The method is applicable to any number of spatial dimensions (1D, 2D or 3D).

e The control volumes can be of any shape. All dependent variables share the same control
volume and are computed at the control volume centroid, which is usually called the
collocated or non-staggered variable arrangement.

e Systems of partial differential equations are treated in a segregated way, meaning that
they are are solved one at a time in a sequential manner.

The specific details of the solution domain discretization, system of equations discretization
practices and implementation of the FVM are far beyond the scope of the present discussion.
Hereafter, we give a brief description of the FVM method. For a detailed discussion, the inter-
ested reader should refer to references [22, 3, 12, 23, 19, 24, 25].
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4.1 Discretization of the Solution Domain

Discretization of the solution domain produces a computational mesh on which the governing
equations are solved (mesh generation stage). It also determines the positions of points in space
and time where the solution will be computed. The procedure can be split into two parts: tem-
poral discretization and spatial discretization.

The temporal solution is simple obtained by marching in time from the prescribed initial condi-
tions. For the discretization of time, it is therefore necessary to prescribe the size of the time-step
that will be used during the calculation.

The spatial discretization of the solution domain of the FVM method presented in this manuscript,
requires a subdivision of the continuous domain into a finite number of discrete arbitrary con-

trol volumes (CVs). In our discussion, the control volumes do not overlap, have a positive finite

volume and completely fill the computational domain. Finally, all variables are computed at the

centroid of the control volumes (collocated arrangement).

Figure 4.1: Arbitrary polyhedral control volume Vp. The control volume has a volume V and is con-
structed around a point P (control volume centroid), therefore the notation Vp. The vector from the
centroid of the control volume Vp (point P), to the centroid of the neighboring control volume Vy (point
N), is defined as d. The face area vector Sy points outwards from the surface bounding Vp and is normal
to the face. The control volume faces are labeled as f, which also denotes the face center.

A typical control volume is shown in figure 4.1. In this figure, the control volume Vp is bounded
by a set of flat faces and each face is shared with only one neighboring control volume. The
shape of the control volume is not important for our discussion, for our purposes it is a general
polyhedron, as shown in figure 4.1. The control volume faces in the discrete domain can be
divided into two groups, namely; internal faces (between two control volumes) and boundary
faces, which coincide with the boundaries of the domain. The face area vector Sy is constructed
for each face in such a way that it points outwards from the control volume, is located at the
face centroid, is normal to the face and has a magnitude equal to the area of the face (e.g., the
shaded face in figure 4.1). Boundary face area vectors point outwards from the computational
domain. In figure 4.1, the point P represents the centroid of the control volume Vp and the
point N represents the centroid of the neighbor control volume Vj. The distance between the
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point P and the point N is given by the vector d. For simplicity, all faces of the control volume
will be marked with f, which also denotes the face centroid (see figure 4.1).

A control volume Vp, is constructed around a computational point P. The point P, by definition,
is located at the centroid of the control volume such that its centroid is given by

/ (x —xp)dV =0. (4.1.1)
Vp

In a similar way, the centroid of the faces of the control volume Vp is defined as

/ (x —x5)dS =0. (4.1.2)
Sy

Finally, let us introduce the mean value theorem for the transported quantity ¢ over the control
volume Vp, such that

— 1
=5 /VP d(x)dV. (4.1.3)

In the FVM method discussed in this manuscript, the centroid value ¢p of the control volume
Vp is represented by a piecewise constant profile. That is, we assume that the value of the
transported quantity ¢ is computed and stored in the centroid of the control volume Vp and
that its value is equal to the mean value of ¢ inside the control volume,

op=0=1r [ ox)av. (4.1.4)
P Jvp

This approximation is exact if ¢ is constant or vary linearly.

4.2 Discretization of the Transport Equation

The general transport equation is used throughout this discussion to present the FVM discretiza-
tion practices. All the equations described in sections 2 and 3 can be written in the form of
the general transport equation over a given control volume Vp (as the control volume shown in
figure 4.1), as follows

0
/ %ﬁdv + | V- (pug)dv — / V- (pTgVe)dV = [ Ss(p)dv. — (4.2.1)
" Ve convective term Ve diffusion term Ve m

temporal derivative

Here ¢ is the transported quantity, i.e., velocity, mass or turbulent energy and I'y is the diffusion
coefficient of the transported quantity. This is a second order equation since the diffusion
term includes a second order derivative of ¢ in space. To represent this term with acceptable
accuracy, the order of the discretization must be equal or higher than the order of the equation
to be discretized. In the same order of ideas, to conform to this level of accuracy, temporal
discretization must be of second order as well. As a consequence of these requirements, all
dependent variables are assumed to vary linearly around the point P in space and instant ¢ in
time, such that

¢(x) =¢p+ (x—xp)-(Vo)p  where ¢p = d(xp). (4.2.2)
Bt + 6t) = ¢' + 6t (g‘f) where @' = ¢(t). (4.2.3)
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Equations 4.2.2 and 4.2.3 are obtained by using Taylor Series Expansion (TSE) around the nodal
point P and time ¢, and truncating the series in such a way to obtain second order accurate
approximations.

A key theorem in the FVM method is the Gauss theorem (also know as the divergence or Ostro-
gradsky’s theorem), which will be used throughout the discretization process in order to reduce
the volume integrals in eq. 4.2.1 to their surface equivalents.

The Gauss theorem states that the volume integral of the divergence of a vector field in a region

inside a volume, is equal to the surface integral of the outward flux normal to the closed surface
that bounds the volume. For a vector a, the Gauss theorem is given by,

/ V-adV:j{ ndS - a,
v v (4.2.4)

where OV is the surface bounding the volume V and dS is an infinitesimal surface element with
the normal n pointing outward of the surface V. From now on, dS will be used as a shorthand
for ndS.

By using the Gauss theorem, we can write eq. 4.2.1 as follows

0
5[ woaved dsuo) - § as-orve - [ si@av. @es)
v M e O e

Equation 4.2.5 is a statement of conservation. It states that the rate of change of the transported
quantity ¢ inside the control volume Vp is equal to the rate of change of the convective and
diffusive fluxes across the surface bounding the control volume Vp, plus the net rate of creation
of ¢ inside the control volume. Notice that so far we have not introduce any approximation,
equation 4.2.5 is exact.

In the next sections, each of the terms in eq. 4.2.1 will be treated separately, starting with the
spatial discretization and concluding with the temporal discretization. By proceeding in this
way we will be solving eq. 4.2.1 by using the Method of Lines (MOL). The main advantage of
the MOL, is that it allows us to select numerical approximations of different accuracy for the
spatial and temporal terms. Each term can be treated differently to yield to different accuracies.

4.2.1 Approximation of Surface Integrals and Volume Integrals

In eq. 4.2.5, a series of surface and volume integrals need to be evaluated over the control volume
Vp. These integrals must be approximated to at least second order accuracy in order to conform
to the same level of accuracy of eq. 4.2.1.

To calculate the surface integrals in eq. 4.2.5 we need to know the value of the transported quan-
tity ¢ on the faces of the control volume. This information is not available, as the variables are
calculated on the control volume centroid, so an approximation must be introduced at this stage.

We now make a profile assumption about the transported quantity ¢. We assume that ¢ varies
linearly over each face f of the control volume Vp, so that ¢ may be represented by its mean
value at the face centroid f. We can now approximate the surface integral as a product of the
transported quantities at the face center f (which is itself an approximation to the mean value
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over the surface) and the face area. This approximation to the surface integral is known as the
midpoint rule and is of second-order accuracy.

It is worth mentioning that a wide range of choices exists with respect to the way of approximat-
ing the surface integrals, e.g., midpoint rule, trapezoid rule, Simpson’s rule, Gauss quadrature.
Here, we have used the simplest method, namely, the midpoint rule.

For illustrating this approximation, let us consider the term under the divergence operator in
eq. 4.2.4 and recalling that all faces are flat (that is, all vertexes that made up the face are

contained in the same plane), eq. 4.2.4 can be converted into a discrete sum of integrals over all
faces of the control volume Vp as follows,

V-adV:jag ds - a,
Vp aVp

Z (/ = a) ’ (4.2.6)

*M
=
33
M
=
Ji’

Using the same approximations and assumptions as in eq. 4.2.6, the surface integrals (or fluxes)
in eq. 4.2.5 can be approximate as follow

7{ ds - pu¢ Z/ds (pug) Z ~(p117¢))f:ZSf'(pu¢)f. (4.2.7)
oVp I

convective ﬁux

72 dS - (pTyVe) = Z / dS - (pTyV o), ~ Ef: 7 (PToV o), Zsf (PTyVe),. (4.2.8)

diffusive flux

To approximate the volume integrals in eq. 4.2.5, we make similar assumptions as for the surface
integrals, that is, ¢ varies linearly over the control volume and ¢ = ¢p. Integrating eq. 4.2.2
over a control volume Vp, it follows

6 (x)dV = /V (65 + (x — xp) - (V) p] V.

=<Z5P/VPdV+ [/Vp (X_XP)dV] (Vo) p
= ¢pVp.

Vp
(4.2.9)

The second integral in the RHS of eq. 4.2.9 is equal to zero because the point P is the centroid
of the control volume (recall eq. 4.1.1). This quantity is easily calculated since all variables at
the centroid of Vp are known, no interpolation is needed. The above approximation becomes
exact if ¢ is either constant or varies linearly within the control volume; otherwise, it is a second
order approximation.

Introducing equations 4.2.7-4.2.9 into eq. 4.2.5 we obtain,

PWP + Z S+ (pug); =Y Sy (pI'yVe) 5 =5SVp. (4.2.10)
f
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Let us recall that in our formulation of the FVM, all the variables are computed and stored at
the control volumes centroid. The face values appearing in eq. 4.2.10; namely, the convective
flux F¢ = S-(pug) through the faces, and the diffusive flux FP = S. (pI'y V@) through the faces,
have to be calculated by some form of interpolation from the centroid values of the neighboring
control volumes located at both sides of the faces, this issue is discussed in the following section.

4.2.2 Convective Term Spatial Discretization

The discretization of the convective term in eq. 4.2.1 is obtained as in eq. 4.2.7, i.e.,

V- (pug)dV = S;- (pug);,

VP f

=Y Sy (pu);dy, (4.2.11)
!
=Y For,
!
where F in eq. 4.2.11 represents the mass flux through the face,

F=8;(pu),. (4.2.12)

Obviously, the flux a depends on the face value of p and u, which can be calculated in a similar
fashion to ¢ (as it will be described in the next section), with the caveat that the velocity field
from which the fluxes are derived must be such that the continuity equation is obeyed, i.e.,

VPV~udV:£VPdS~u:Z</J£dS-u> :Zf:sf-(pu)fzzf:ﬁ:o. (4.2.13)

f

Before we continue with the formulation of the interpolation scheme or convection differencing
scheme used to compute the face value of the transported quantity ¢; it is necessary to examine
the physical properties of the convection term. Irrespective of the distribution of the velocity in
the domain, the convection term does not violate the bounds of ¢ given by its initial condition.
If for example, ¢ initially varies between 0 and 1, the convection term will never produce values
of ¢ that are lower than zero or higher that one. Considering the importance of boundedness
in the transport of scalar properties, it is essential to preserve this property in the discretized
form of the term.

4.2.2.1 Convection Interpolation Schemes

The role of the convection interpolation schemes is to determine the value of the transported
quantity ¢ on the faces f of the control volume Vp. Therefore, the value of ¢ is computed
by using the values from the neighbors control volumes. Hereafter, we present two of the
most widely used schemes. For a more detailed discussion on the subject and a presenta-
tion of more convection interpolation schemes, the interested reader should refer to references
[22, 3, 12, 23, 24, 25, 26].

e Central Differencing (CD) scheme. In this scheme (also known as linear interpo-
lation), linear variation of the dependent variables is assumed. The face centered value
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is found from a simple weighted linear interpolation between the values of the control
volumes at points P and N (see figure 4.2), such that

¢f = fx¢P+(1_fz) ON- (4.2.14)

In eq. 4.2.14, the interpolation factor f;, is defined as the ratio of the distances fN and
PN (refer to figure 4.2), i.e.,

_ SN [xp—xn |

PN = T4 (4.2.15)

Ja

A special case arises when the face is situated midway between the two neighboring control
volumes Vp and V (uniform mesh), then the approximation reduces to an arithmetic
average

_|_
of = @5PQ¢N) (4.2.16)
This practice is second order accurate, which is consistent with the requirement of overall
second order accuracy of the method. It has been noted however, that CD causes non-
physical oscillations in the solution for convection dominated problems, thus violating the

boundedness of the solution (][22, 3, 12, 23, 24, 25, 26]).

by

& d Y
P f N

Figure 4.2: Face interpolation. Central Differencing (CD) scheme.

e Upwind Differencing (UD) scheme. An alternative discretization scheme that guar-
antees boundedness is the Upwind Differencing (UD). In this scheme, the face value is
determined according to the direction of the flow (refer to figure 4.3),

¢ = {¢f =¢p for P20, (4.2.17)

¢ =¢n for F<O0.

This scheme guarantees the boundedness of the solution ([22, 3, 12, 23, 24, 25, 26]). Unfor-
tunately, UD is at most first order accurate, hence it sacrifices the accuracy of the solution
by implicitly introducing numerical diffusion.

In order to circumvent the numerical diffusion inherent of UD and unboundedness of CD, linear
combinations of UD and CD, second order variations of UD and bounded CD schemes has been
developed in order to conform to the accuracy of the discretization and maintain the bounded-
ness and stability of the solution [22, 3, 12, 23, 24, 25, 26].
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4.2.3 Diffusion Term Spatial Discretization

Using a similar approach as before, the discretization of the diffusion term in eq. 4.2.1 is obtained
as in eq. 4.2.8, i.e.,

| V- wreveav = 308, (190,
" ! (4.2.18)
= Z (PF¢>)f S+ (VCb)f )
!

4.2.3.1 The Interface Conductivity

In eq. 4.2.18, T'y is the diffusion coefficient. If I'y is uniform, its value is the same for all
control volumes. The following discussion is, of course, not relevant to situations where the Iy,
is uniform. For situations of non-uniform I'y, the interface conductivity (I'y)s can be found by
using linear interpolation between the control volumes Vp and Vi (see figure 4.4),

(o),  (Tv), (To),
P e ® »e N

Figure 4.4: Diffusion coefficient I'y, variation in neighboring control volumes.

IN _Ixp—xn|
PN | d |

If the control volumes are uniform (the face f is midway between Vp and Vi), then f; is equal
to 0.5, and (I'y) ¢ is equal to the arithmetic mean.

(To)y = faTo)p + (1= fo) (Ty)ny  where  f, =

(4.2.19)
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However, the method above described suffers from the drawback that if (I'y)x is equal to zero,
it is expected that there would be no diffusive flux across face f. But in fact, eq. 4.2.19
approximates a value for (I'y) ¢, namely

(T)s = fo(Ty)p, (4.2.20)

where we normally would have expected zero. Similarly, if (I'y)x is much less that (I'y) p, there
would be relatively little resistance to the diffusive flux between Vp and face f, compared to
that between Vi and the face f. In this case it would be expected that (I'y) ¢ would depend on
(I'y) v and inversely on f.

A better model for the variation of I'y between control volumes is to use the harmonic mean,
which is expressed as follows,

_ (Cy)n(Ty)p

fx(rqﬁ)P =+ (1 - fx)(F¢)N
This formulation gives (I'y) 5 equal to zero if either (I'y)x or (I'y)p is zero. For (I'y)p >> (T'y)n
gives

N | xp—xn|
PN |d|

where f, =

(Ty)f (4.2.21)

(Tp)n
fz

(Ty)f = (4.2.22)

as required.

4.2.3.2 Numerical Approximation of the Diffusive Term

From the spatial discretization process of the diffusion terms a face gradient arise, namely (Vo) ¢
(see eq. 4.2.18). This gradient term can be computed as follows. If the mesh is orthogonal, i.e.,
the vectors d and S in figure 4.5 are parallel, it is possible to use the following expression

4 ) 4 R

— - —»e

- J - J

Figure 4.5: A) Vector d and S on an orthogonal mesh. B) Vector d and S on a non-orthogonal mesh.

ON — op
dl

By using eq. 4.2.23, the face gradient of ¢ can be calculated from the values of the control vol-
umes straddling face f (Vp and Vy), so basically we are computing the face gradient by using
a central difference approximation of the first order derivative in the direction of the vector d.
This method is second order accurate, but can only be used on orthogonal meshes.

S-(Vo); =18 (4.2.23)
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An alternative to the previous method, would be to calculate the gradient of the control volumes
at both sides of face f by using Gauss theorem, as follows

1
(Vé)p = Ve zf: (Sror)- (220

After computing the gradient of the neighboring control volumes Vp and Vi, we can find the
face gradient by using weighted linear interpolation.

Although both of the previously described methods are second order accurate; eq. 4.2.24 uses a
larger computational stencil, which involves a larger truncation error and can lead to unbounded
solutions. On the other hand, spite of the higher accuracy of eq. 4.2.23, it can not be used on
non-orthogonal meshes.

Unfortunately, mesh orthogonality is more an exception than a rule. In order to make use of
the higher accuracy of eq. 4.2.23, the product S - (V¢); is split in two parts

S (Vo);= AL-(Vo), + k- (Vo) . (4.2.25)

orthogonal contribution  non-orthogonal contribution

The two vectors introduced in eq. 4.2.25, namely; A and k, need to satisfy the following
condition

S=A, +k (4.2.26)

If the vector A is chosen to be parallel with d, this allows us to use eq. 4.2.23 on the orthogonal
contribution in eq. 4.2.25, and the non-orthogonal contribution is computed by linearly interpo-
lating the face gradient from the centroid gradients of the control volumes at both sides of face
f, obtained by using eq. 4.2.24. The purpose of this decomposition is to limit the error intro-
duced by the non-orthogonal contribution, while keeping the second order accuracy of eq. 4.2.23.

To handle the mesh orthogonality decomposition within the constraints of eq. 4.2.26, let us
study the following approaches ([26, 27, 12]), with k calculated from eq. 4.2.26:

e Minimum correction approach (figure 4.6). This approach attempts to minimize the non-
orthogonal contribution by making A and k orthogonal,

d-S

A =2
L7 4d-4d

d. (4.2.27)

In this approach, as the non-orthogonality increases, the contribution from ¢p and ¢y
decreases.

e Orthogonal correction approach (figure 4.7). This approach attempts to maintain the
condition of orthogonality, irrespective of whether non-orthogonality exist,

d

A=
d]

S|. (4.2.28)
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Figure 4.6: Non-orthogonality treatment in the minimum correction approach.
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Figure 4.7: Non-orthogonality treatment in the orthogonal correction approach.

e Over-relaxed approach (figure 4.8). In this approach, the contribution from ¢p and ¢n
increases with the increase in non-orthogonality, such as

d
A = ——|S|% 4.2.29
1 d-SH ( )

 /

™ ¢
S
2
=34

Figure 4.8: Non-orthogonality treatment in the over-relazed approach.

All of the approaches described above are valid, but the so-called over-relaxed approach seems
to be the most robust, stable and computationally efficient.

Non-orthogonality adds numerical diffusion to the solution and reduces the accuracy of the nu-
merical method. It also leads to unboundedness, which in turn can conduct to nonphysical
results and/or divergence of the solution.

The diffusion term, eq. 4.2.18, in its differential form exhibits a bounded behavior. Hence, its
discretized form will preserve only on orthogonal meshes. The non-orthogonal correction poten-
tially creates unboundedness, particularly if mesh non-orthogonality is high. If the preservation
of boundedness is more important than accuracy, the non-orthogonal correction has got to be
limited or completely discarded, thus violating the order of accuracy of the discretization. Hence
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care must be taken to keep mesh orthogonality within reasonable bounds.

The final form of the discretized diffusion term is the same for all three approaches. Since eq.
4.2.23 is used to compute the orthogonal contribution, meaning that d and A, are parallel, it
follows

ON — Op

(4.2.30)

then eq. 4.2.25 can be written as

oN—fp k- (Vg), . (4.2.31)
d| NI

non-orthogonal contribution

S-(Vé), = |AL]

orthogonal contribution

In eq. 4.2.31, the face interpolated value of V¢ of the non-orthogonal contribution is calculated
as follows

(Vo)y = fo (Vo)p+ (1= fo) (Vo) y - (4.2.32)

where the gradient of the control volumes Vp and Vj are computed using eq. 4.2.24.

4.2.4 Evaluation of Gradient Terms

In the previous section, the face gradient arising from the discretization of the diffusion term
was computed by using eq. 4.2.23 (central differencing) in the case of orthogonal meshes, and
a correction was introduced to improve the accuracy of this face gradient in the case of non-
orthogonal meshes (eq. 4.2.31).

By means of the Gauss theorem, the gradient terms of the control volume Vp arising from the
discretization process or needed to compute the face gradients are calculated as follows,

VodV — f iS¢,
Vp oVp

(Vo)p Ve = (Spdy),
s (4.2.33)

(V)p =1 3 (859p).
f

where the value ¢; on face f can be evaluated using the convection central differencing scheme.

After computing the gradient of the control volumes at both sides of face f by using eq. 4.2.33,
we can find the face gradient by using weighted linear interpolation,

(Vo) = fo (VO)p+ (1= f2) (Vo) , (4.2.34)

and dot it with S. This method is often referred to as Green-Gauss cell based gradient evaluation
and is second order accurate.

The Green-Gauss cell based gradient evaluation uses a computational stencil larger than the
one used by eq. 4.2.23; hence the truncation error is larger and it might lead to oscillatory
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solutions (unboundedness), which in turns can lead to nonphysical values of ¢ and divergence,
The advantage of this method is that it can be used in orthogonal and non-orthogonal meshes;
whereas eq. 4.2.23, can be only used in orthogonal meshes.

Another alternative, is by evaluating the face gradient by using a Least-Square fit (LSF). This
method assumes a linear variation of ¢ (which is consistent with the second order accuracy
requirement), and evaluates the gradient error at each neighboring control volume N using the
following expression,

en =én — (dp+d-(Vo)p). (4.2.35)

The objective now is to minimize the least-square error at P given by
p=> whex, (4.2.36)
N

where the weighting function w is given by wy = 1/|d|. Then, the following expression is used
to evaluate the gradient at the centroid of the control volume Vp,

(Vo)p = ZW?VG_I -d(¢n — op).
N

(4.2.37)
G =) widd.
N

After evaluation the neighbor control volumes gradient, they can be interpolated to the face.
Note that G is a symmetric N x N matrix and can easily be inverted (where N is the number of
spatial dimensions). This formulation leads to a second order accurate gradient approximation
which is independent of the mesh topology.

4.2.5 Source Terms Spatial Discretization

All terms of the transport equation that cannot be written as convection, diffusion or temporal
contributions are here loosely classified as source terms. The source term, Sy(¢), can be a
general function of ¢. When deciding on the form of the discretization for the source term,
its interaction with other terms in the equation and its influence on boundedness and accuracy
should be examined. Some general comments on the treatment of source terms are given in
references [22, 3, 12, 24, 25]. But in general and before the actual discretization, the source
terms need to be linearized (for instance by using Picard’s method), such that,

Sg (¢) = Se + Sp¢, (4.2.38)

where S, is the constant part of the source term and S, depends on ¢. For instance, if the source
term is assume to be constant, eq. 4.2.38 reduces to S4(¢) = Sy.

Following eq. 4.2.9, the volume integral of the source terms is calculated as

Se () dV = S.Vp + S,Vpop. (4.2.39)
Vp
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4.2.6 Temporal Discretization

In the previous sections, the discretization of the spatial terms was presented. Let us now
consider the temporal derivative of the general transport eq. 4.2.1, integrating in time we get

/ t+At[ / odV + | V- (pug)dV / V- (ol v¢)dv] dt
— . u — .
t at Vpp Vp P Vp P ¢

_ /t S < [ 5.0) dV> dt. (4.2.40)

Using equations 4.2.7-4.2.9 and 4.2.39, eq. 4.2.40 can be written as,

t+At
/t (?) Ve +> S (pug); — > Sy (pTsVo), | dt
P f f

t+At
= / (S:Vp + SpVqup) dt. (4.2.41)
t

The above expression is usually called the semi-discretized form of the transport equation. It
should be noted that the order of the temporal discretization of the transient term in eq. 4.2.41
does not need to be the same as the order of the discretization of the spatial terms (convection,
diffusion and source terms). Each term can be treated differently to yield different accuracies.
As long as the individual terms are second order accurate, the overall accuracy of the solution
will also be second order.

4.2.6.1 Time Centered Crank-Nicolson

Keeping in mind the assumed variation of ¢ with ¢ (eq. 4.2.3), the temporal derivative and time
integral can be calculated as follows,

o\ _ ppob —pp lop !
ot )p At ’

t+At
/t o(t)dt =

where ¢" = ¢(t + At) and ¢! = ¢(t) represent the value of the dependent variable at the new
and previous times respectively. Equation 4.2.42 provides the temporal derivative at a centered
time between times n — 1 and n. Combining equations 4.2.41 and 4.2.42 and assuming that the
density and diffusivity do not change in time, we get

(4.2.42)
(¢ +¢") At,

DN |

ppdh — prdp ! I pm 1 n
E AL Evp + 2%:F¢f_22f:(pr¢)fs'(v¢)f
[ | .
+ QZFQSJC ! _§Z(PP¢)]¢S'(V¢)JI '
f f
1 1
= SVp+5SVpep + ispqub;;*l. (4.2.43)

This form of temporal discretization is called Crank-Nicolson (CN) method and is second order
accurate in time. It requires the face values of ¢ and V¢ as well as the control volume values for
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both old (n—1) and new (n) time levels. The face values are calculated from the control volume
values on each side of the face, using the appropriate differencing scheme for the convection term
and eq. 4.2.31 for the diffusion term. The CN method is unconditionally stable, but does not
guarantee boundedness of the solution.

4.2.6.2 Backward Differencing

Since the variation of ¢ in time is assumed to be linear, eq. 4.2.42 provides a second order
accurate representation of the time derivative at ¢ + %At only. Assuming the same value for
the derivative at time ¢ or t + At reduces the accuracy to first order. However, if the temporal
derivative is discretized to second order, the whole discretization of the transport equation will
be second order without the need to center the spatial terms in time. The scheme produced is
called Backward Differencing (BD) and uses three time levels,

¢n72 — ¢7§*At7
¢" = ¢, (4.2.44)
¢n — ¢t+At7

to calculate the temporal derivative. Expressing time level n — 2 as a Taylor expansion around
n we get

n 2 n
G2 = g2 @f) At +2 <gtf> At? + 0 (A (4.2.45)
doing the same for time level n — 1 we obtain
8 n 1 62 n

Combining this equation with eq. 4.2.45 produces a second order approximation of the temporal
derivative at the new time n as follows

a¢ n_ %¢n_2¢nfl+%¢n72
<6t> - At '

By neglecting the temporal variation in the face fluxes and derivatives, eq. 4.2.47 produces a
fully implicit second order accurate discretization of the general transport equation,

(4.2.47)

3 n n—1 1 n—2
5ppd" —2ppd" " + 5ppd ° n n
: Al 2 Vp + g Fo} — E (pLg) ;S - (Vo)§
f f
=S, Vp+ Sprqb%. (4.2.48)

In the CN method, since the flux and non-orthogonal component of the diffusion term have to
be evaluated using values at the new time n, it means that it requires inner-iterations during
each time step. Coupled with the memory overhead due to the large number of stored variables,
this implies that the CN method is expensive compared to the BD described before. The BD
method, although cheaper and considerably easier to implement than the CN method, results in
a truncation error larger than the latter. This is due to the assumed lack of temporal variation
in face fluxes and derivatives. This error manifests itself as an added diffusion. However, if we
restrict the Courant number (CFL) to a value below 1, the time step will tend to be very small,
keeping temporal diffusion errors to a minimum.
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4.2.7 System of Algebraic Equations

At this point, after spatial and temporal discretization and by using equations 4.2.43 or 4.2.48
in every control volume of the domain, a system of algebraic equations of the form

[A][¢] = [R], (4.2.49)

is assembled. In eq. 4.2.49, [A] is a sparse matrix, with coefficients ap on the diagonal and
ay off the diagonal, [¢] is the vector of ¢ for all control volumes and [R] is the source term
vector. When this system is solved, it gives a new set of [¢] values (the solution for the new
time step n). The coefficients ap include the contribution from all terms corresponding to [¢7%],
that is, the temporal derivative, convection and diffusion terms, as well as the linear part of the
source term. The coefficients ay include the corresponding terms for each of the neighboring
control volumes. The summation is done over all the control volumes that share a face with
the current control volume. The source term includes all terms that can be evaluated without
knowing the new [¢], namely, the constant part of the source term and the parts of the temporal
derivative, convection and diffusion terms corresponding to the old time level n — 1. This system
of equations can be solved either by direct or iterative methods. Direct methods give the solu-
tion of the system of algebraic equations in a finite number of arithmetic operations. Iterative
methods start with an initial guess and then continue to improve the current approximation
of the solution until some solution tolerance is met. While direct methods are appropriate for
small systems, the number of operations necessary to reach the solution raises with the number
of equations squared, making them prohibitively expensive for large systems. Iterative methods
are more economical, but they usually pose some requirements on the matrix.

4.2.8 Boundary Conditions and Initial Conditions

Each control volume provides one algebraic equation. Volume integrals are calculated in the
same way for every interior control volume, but fluxes through control volume faces coinciding
with the domain boundary require special treatment. These boundary fluxes must either be
known, or be expressed as a combination of interior values and boundary data. Since they do
not give additional equations, they should not introduce additional unknowns. Since there are
no nodes outside the boundary, these approximations must be based on one-sided differences or
extrapolations.

Mainly, there are three boundary conditions which are used to close the system of equations,
namely:

e Zero-gradient boundary condition, defining the solution gradient to be zero. This condition
is known as a Neumann type boundary condition.

e Fixed-value boundary condition, defining a specified value of the solution. This is a Dirich-
let type condition.

e Symmetry boundary condition, treats the conservation variables as if the boundary was a
mirror plane. This condition defines that the component of the solution gradient normal
to this plane should be fixed to zero. The parallel components are extrapolated from the
interior cells,

For example, for an external aerodynamics simulation we might set the following boundary
conditions. At the inflow boundary the velocity is defined as fixed-value and the pressure as
zero-gradient. At the outflow boundary, the pressure is defined as a fixed-value and the velocity
as a zero-gradient. If symmetry is a concern, symmetrical boundary conditions are used at fixed
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boundaries. On a fixed wall, we need to ensure a zero flux through the wall or non penetrating
condition. In the case of a no-slip wall, a fixed-value is specified for the velocity (u = 0) in
combination with a zero-gradient for the pressure. If the boundary of the wall moves, then the
proper boundary condition is a moving-wall velocity which introduces an extra velocity in order
to maintain the no-slip condition and ensures a zero flux through the moving boundary.

Together with suitable boundary conditions we need to impose initial conditions. The initial
conditions determine the initial state of the governing equations at the initial time for an un-
steady problem (usually at ¢ = 0), or at the first iteration for an iterative scheme. The better
the initial conditions are (the closer to the real solution), the stable and robust the numerical
scheme will be and the faster a converged solution will be reached (locally or globally). A com-
mon practice in external aerodynamics consist in setting the freestream values of velocity and
pressure as initial conditions in the whole domain.

4.3 Discretization Errors

The discretization errors related to the FVM formulation previously presented, results mainly
from two sources. The first source of errors is linked to the truncation errors associated with
the second order approximation of the temporal and spatial terms (profile assumptions). And
the second source of errors is related to mesh quality issues, where the most important quality
metrics to consider are non-orthogonality and skewness. In this section, we are going to study
the discretization errors due to the profile assumptions and mesh quality.

4.3.1 Taylor Series Expansions

D A
¢
q’) i qbr
/ ¢(X)
V, Ve V.
i-2 i-1 i i+1 i+2
& . 8- L >
w P e E X
qu: =APB=
Ayp A
[ @ CVCENTER & FACE CENTER —— CVFACE J

Figure 4.9: Variation of ¢(x) in a uniform mesh.
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Let us first introduce Taylor Series Expansions (TSE), which we are going to use to determine the
order of the truncation error O of the various approximations presented in the previous sections.

Consider the equally spaced mesh shown in figure 4.9, where Awp = Apg = Az. According to
TSE, any continuous differentiable function can be expressed as an infinite sum of terms that
are calculated from the values of the function derivatives at a single point. For ¢(x) the TSE at
¢(z + Ax) is equal to

¢z + Az) = ¢(z) + Az <8¢>x+ () (aQ(b)er (Az)’ (a%)x +HOT,  (4.3.1)

0 2! 0z2 3! ox3

where HOT are the higher order terms. Equation 4.3.1 can be written in a more compact way
as

o(x + Ax) Z glf. (4.3.2)

Similarly, the TSE of ¢(z) at ¢(x — Az) is equal to

0 1 0? 1 3
oz — Az) = ¢(x) — Az <£> TN <6;§>$ RN (axﬁ)x LHOT,  (4.3.3)

which can be written in a more compact way as

n! ox™

d(z — Ax) )+ Z [ )n} il (4.3.4)

By using TSE, we can obtain approximate expressions for the first and higher derivatives at a
point located in the direction = in terms of the function values at neighboring points.

Let us consider the discrete points W, P and E shown in figure 4.9. The TSE of ¢p around
point P (for P located midway between points W and FE such that Awp = Apg = Az and
AWP = Ape = APE/Q = Ax/Q), is given by

6¢ 1 2 62¢ 1 3 83¢
=op+Av () + A% (o5 ) + oA o . 4.3,
¢oE = ¢p + x<6x>P+2! T <6x2 P+3! e P+’H(97‘ (4.3.5)
Equation 4.3.5 may be rearranged to give
99 ¢p—op 1 0%¢ 1. 5[0
o). = Ar % oz 3t (om . 4.3.
(31’)1: Az 2 x(axQ Lt g ), THOT (4.3.6)

By summing all terms which involve the multiplying factor Az and higher and representing

them as O(Ax), yields to
9¢ PE — ¢p
— | === A 4.3.
(8:6)13 0 o(aa) (43.7)

which is an approximation for the first derivative of ¢ with respect to z at the discrete point
P. The term O(Az)"™ represents the truncation error of the approximation and determines the
rate at which the error decreases as the spacing between the points is reduced. The smaller Ax
is, the smaller the error.

Equation 4.3.7 is known as the forward difference approximation of the first derivative and is
first order accurate because the truncation error is of order one or O(Ax).
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In our notation we used discrete values ¢p, ¢ and ¢y, by using subscript index notation 7 to
represent the discrete points (this notation might be more amenable to follow for some readers),
eq. 4.3.7 is written as

ad) (z)H—l bi
— Ax). 4.3.
<8$) Ar + O(Ax) (4.3.8)
Let us consider the TSE of ¢y around the discrete point P which is given by
9 1. o (0% 1, 3%
Rearranging and grouping eq. 4.3.9 we obtain
¢ op — ow ¢W
— oA 4.3.1
( agg) or W 4 o), (43.10)
or
09\ ¢ — i1

Equation 4.3.10 (or eq. 4.3.11) is known as the backward difference approximation of the first
derivative and is first order accurate because the truncation error is of order one or O(Axz).

Now consider the TSE in eq. 4.3.5 and eq. 4.3.9, which are repeated here for convenience

¢ 1, 5 82¢ 1 03¢
and
o 1 o (9 1 5[0
- A —A — ] —=A — . 4.3.1
o =0 x(m) Tt <am2 o st G ), THOT (4.3.13)
Subtracting eq. 4.3.13 from eq. 4.3.12, we obtain
¢ 03¢
— =2A 2— A — . 4.3.14
Op — Pw = x<8x> +24, <8x3>P+HOT (4.3.14)
Rearranging and grouping eq. 4.3.14, we obtain
¢ dE — ¢W
<8$> “oAL (Am) (4.3.15)
or
09\ _ div1 — dim1 2
<3$>i = AL + O(Ax)~“. (4.3.16)

Equation 4.3.15 (or eq. 4.3.16) is known as the central difference approximation of the first
derivative and is second order accurate because the truncation error is of order two or O(Az)?.
Approximations for the derivatives in the other directions are obtained in exactly the same fash-
ion.
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4.3.2 Accuracy of the Upwind Scheme and Central Differencing Scheme

Let us study the truncation error associated with the upwind and central differencing schemes
presented in section 4.2.2. Consider the equally spaced mesh shown in figure 4.9, such that
Awp = Apg = Az and Ape = Acg = Apg/2 = Az/2. Using TSE about face e, we obtain

B Az\ (09 1 (Az\? [8%¢ 1 (Az\? (3¢
or=0-(5)(5) v (%) (52). (%) (55) +wor: s

B Az (8¢ 1 (Az\? [02%¢ 1 (Az\? (3¢
OE = ¢e + <2> <a$)e + 51 <2> <8$2 . + 5 5 @ . +HOT. (4.3.18)
Truncating equations 4.3.17-4.3.18 at the first order derivative we get
¢p = ¢e + O(Az), (4.3.19)

¢ = ¢ + O(Ax), (4.3.20)

and recalling eq. 4.2.17, which we rewrite here for convenience

(4.3.21)

¢_¢e:¢P for  F >0,
‘ Pe = ON for F <0.

From equations 4.3.19-4.3.21 we see that the upwind differencing scheme is first order accurate
because the truncation error is of order one or O(Axz).

Adding equations 4.3.17-4.3.18, rearranging and manipulating we obtain

¢e:

2 2
¢P;¢E = (Ag) (gﬁ) +HOT, (4.3.22)

which is a central differencing approximation of ¢ at face e. Truncating eq. 4.3.22 at the second
order derivative yields to

_ op+oE
S

hence the central differencing scheme is second order accurate because the truncation error is of
order two or O(Ax)?2.

+ O(Az)?, (4.3.23)

Equation 4.3.23 is second order accurate only on uniform meshes (when Awp = Apg = Az and
Ape = Aeg = Apg/2 = Az/2). On non uniform meshes we need to use equations 4.2.14-4.2.15.

Consider the mesh shown in figure 4.9 and let us say that Awp # Apg and Ape # Acg
(non-uniform mesh). The interpolated face value e can be found by using a weighted linear
interpolation as follows

¢e = ea:(z)P + (1 - ea:) ¢E7 (4324)
where the interpolation factor e, is defined as the ratio of the distances eF and PF, i.e.,

_eE _|a:e—a:E]

_ ek . 4.3.25
“TPE" |Apg| ( )
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Let us find the truncation error of eq. 4.3.24. The TSE of ¢p around the discrete point E is
given by

_ 2 2 _ 3 3
¢p = ¢ —(rp—xp) <$>E+ (xEQ,xP) (gxf)E s 3!”) <2£>E+HOT. (4.3.26)

Solving for d¢/Jx in eq. 4.3.26 and truncating in the second order derivative, we obtain
o _
<¢> — M. (4.3.27)
or /), (rp—zp)
The TSE of ¢, about the discrete point F is expressed as follows

_ 2 2 _ 3 3
Pe = OF — (I'E — l’e) <gi>E + w <g;§>E — (ng!xe) (g;g)E +HOT. (4.3.28)

Substituting eq. 4.3.27 into eq. 4.3.28 in order to eliminate the first order derivative, we obtain

e =dp—(wp—we) = St e 31 913

¢p—op  (vp—x.) (82¢) _ (@p o)’ <63¢5> +HOT. (4.3.29)
E E

Notice that the truncation error of the first order derivative in eq. 4.3.26 and eq. 4.3.28 is of
the same order. Rearranging and manipulating eq. 4.3.29 yields to

¢e = (1 —ez) pp + exdp + (2p — Ze)(xe — 2p) (82¢>
E

2! 922
(xp — x)3(xe —2p) (030

B Tr—— (W')E +HOT. (4.3.30)

where the interpolation factor e, is given by

P — (4.3.31)

TE — TP
The truncation error in eq. 4.3.30 is proportional to the product of the mesh spacing, hence the
scheme is second order accurate on uniform and non uniform meshes. Notice that when the face
e is situated midway between the two neighboring control volumes (uniform mesh), e, is equal

to 0.5 and eq. 4.3.30 reduces to eq. 4.3.23.

4.3.3 Mean Value Approximation

Consider the variation of the function ¢(x) within the control volume Vp (as shown in figure
4.9). The TSE of ¢(z) about point P is equal to

— 2 2 _ 3 3
6(x) = p + (x — xp) (gf)}) + (x;’)) (g;;))P e BTP) <g£>P +HOT. (4.3.32)

Integrating eq. 4.3.32 over the control volume Vp, yields

oo s () 57 ()

(x —zp)® (D3
+T (EM”)P —l—HOT} . (4.3.33)
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Assuming that ¢(z) varies linearly over the control volume, all derivatives of order higher than
0¢/0x in eq. 4.3.33 are zero. Also, the term containing the derivative d¢/dx is equal to zero
since the point P is the centroid of the control volume, which is given by

/ (x —xp)dV =0. (4.3.34)
Vp

Hence eq. 4.3.33 becomes

¢ (z)dV = ¢pVp,

Vp (4.3.35)
dividing eq. 4.3.35 by Vp we obtain
o= [ o@av =0
= — T = P-
Ve Jve (4.3.36)

Thus, the centroid value ¢p represents the mean value ¢. Equation 4.3.36 is easily calculated
since all variables at the centroid of Vp are known, no interpolation is needed. The above ap-
proximation becomes exact if ¢ is either constant or varies linearly within the control volume;
otherwise, it is a second order approximation. The above analysis can be applied to any variable
being represented by its volume or face centroid value.

4.3.4 Gradient Approximation

Consider the equally spaced mesh shown in figure 4.9, such that Awp = Apg = Ax and
Ape = Aeg = Apg/2 = Az/2. Let us study the truncation error associated in representing the
face gradient (0¢/0x). as

99\  ¢g—¢p
<8x>6 - S PP (4.3.37)

Using TSE about face e, we obtain

B Az (8¢ 1 (Az\? (0% 1 (Az\? (03¢
wmor(5)(5) 12 (5) (). ra (5) (5) +mor s

B Az [0¢ 1 (Az\? [8%¢ 1 (Az\? (3¢
¢P - ¢e - <2> <8£U>e + 5 <2> (81’2)6 - ? <2> <81‘3>e +HOT, (4339)

Subtracting eq. 4.3.39 from eq. 4.3.38 , rearranging and manipulating we obtain

00\ _ dp—odp Az® (DP9
Truncating eq. 4.3.40 at the third order derivative we get
0¢ ¢E — ¢p 2
— ] = —=— Ax)°. 4.3.41
(52) =252+ ot (13.41)

Therefore the assumption of linear variation in eq. 4.3.41 leads to a second order accurate ap-
proximation of (9¢/0x). because the truncation error is of order two or O(Ax)?.
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4.3.5 Spatial and Temporal Linear Variation

Let us study the truncation error associated with the assumption of spatial and temporal linear
variation of ¢. Using TSE around the discrete point P (refer to figure 4.9) and time ¢ yields to

o(x) = ¢p + (x — zp) <gi>P + (@ _;P)Q <gj§> ., +

_ 3 3
(”%;P) <g£> +HOT, (4.3.42)
: P
0o\ A2 (92¢\" A [3¢\
Bt + At) = o' + At (5?) + 2—f <6t§)) 3—16 (atf) +HOT. (4.3.43)

Truncating equations 4.3.42-4.3.43 at the second order derivative we get

o(x) =¢pp+ (xr —zp) <gi>P + O(Az)?, (4.3.44)
o(t + At) = ¢' + At (‘Z‘f)t + O(At)?. (4.3.45)

From equations 4.3.44-4.3.45 we see that the assumption of spatial and temporal linear variation
is second order accurate because the truncation error is of order two or O(Az)? in space, and
O(At)? in time.

4.3.6 Mesh Induced Errors

The influence of mesh non-orthogonality on the solution accuracy has been described in section
4.2.3. When the mesh is orthogonal (figure 4.10), the face gradient of the transported quan-
tity ¢ in eq. 4.2.18 can be calculated by using eq. 4.2.23. This equation uses the ¢ values of
the control volumes straddling the face f and is second order accurate only on orthogonal meshes.

e
~
>

Figure 4.10: Orthogonal and non-skew mesh. Notice that the vectors d and S are parallel.

For non-orthogonal meshes (figure 4.11), we computed the face gradient of the transported quan-
tity ¢ using eq. 4.2.31. In this equation we introduced a correction to improve the accuracy of
the face gradient in the case of non-orthogonality. The non-orthogonality affect the solution by
adding numerical diffusion to the solution, hence reducing the accuracy. Non-orthogonality can
also lead to oscillatory solutions (unboundedness), which in turn can lead to nonphysical values
and divergence. The higher the non-orthogonal angle (the angle between the face area vector S
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and the vector d in figure 4.11), the higher the numerical diffusion, and this in fact reduces the
accuracy of the numerical method.

e
~
2

Figure 4.11: Non-orthogonal and non-skew mesh. Notice that the vectors d and S are not parallel. The
angle between the vector d and S is the non-orthogonal angle.

Let us now study the influence of skewness on the solution accuracy. Skewness can be defined as
the deviation of the face centroid f from the point where the vector d intercepts the face. This
situation is shown in figure 4.12, where f is the face centroid, f; is the point where the vector
d intersects the face f, and A; is the vector that represents the deviation of f; from f. Under
these conditions, the face values linearly interpolated from the control volumes Vp and Vi, no
longer accurately represent the value of the face center.

Figure 4.12: Skewness error in neighboring control volumes; where f; represents the face interpolated
value, f the face centroid, and the vector A; is the deviation of f; from f.

With reference to figure 4.12, the degree of skewness can be measured ass follows,

A;
¢sk‘ew = " d | (4346)

Skewness adds numerical diffusion to the solution and reduces the accuracy of the numerical
method. It also leads to unboundedness, which in turn can conduct to nonphysical results
and /or divergence of the solution.

In some situations, it can happen that the point f; falls outside face f, which leads to even higher

truncation errors and more severe unboundedness. This type of scenarios is usually found when
dealing with sharp edges or the intersection of two or more surfaces. In general, it is highly

43



1062

1063

1064

1065

1066

1067

1068

1069

1070

1071

1072

1073

1074

1075

1076

1077

1078

1079

1080

1081

1082

1083

1084

1085

1086

1087

1088

advisable to keep the skewness to a minimum.

The error due to mesh skewness can be reduced by correcting the error introduced due to the
deviation of the face interpolated value f; from the face centroid f, by using the following second
order approximation,

br=¢5 +A8;- (Vo) (4.3.47)

where ¢y, and (Vo) j, are the interpolated values of ¢ and V¢ at the point where the vector d
intersects the face f (point f;), as shown in figure 4.12. In eq. 4.3.47 ¢y, and (V(b)fi can be
evaluated by using linear interpolation as follows

of = fadp + (1 — f2) dn, (4.3.48)

Vor, = fzVép + (1 - fz) Vén. (4.3.49)

where the interpolation factor f,, is defined as the ratio of the distances f; N and PN (refer to
figure 4.12), i.e.,

_ JiN _ ‘Xfi_XN’
PN | d |
Problems can be encountered in the evaluation of the gradients of ¢ in eq. 4.3.49, as the

calculation of the gradient of the control volumes Vp and Vi requires the knowledge of the face
centroid gradient at point f; or (Vo) f,» by using the Gauss theorem (eq. 4.2.33) we obtain,

fa

(4.3.50)

(Vo) p = V;ZSmf = V1PZsf [gz)fi FA;- (w)ﬂ}. (4.3.51)
f f

One way to circumvent this problem, is by computing an initial approximation of (V¢), by
using centered differences as follows,

(¢n — op)
d|

Then eq. 4.3.51 is used to compute (V¢)p and (Vé)ny based on the initial approximation of
(Vo) f,- Once we obtain the new face gradient (Vo) 7, by using eq. 4.3.49, we can improve this
initial approximation by iterating again using the newly computed value. At the end of the iter-
ative process, the corrected value of ¢ is computed by using eq. 4.3.47 and the corrected value
of V¢ is approximated by linearly interpolating the gradient of the neighboring control volumes.

Vo, = . (4.3.52)

Alternatively, we can compute the gradient of the control volumes straddling face f by using
Gauss theorem (eq. 4.2.33), which we repeat here for convenience

(V)p =1 3 (859p). (4.3.53)
f

where the value ¢; on face f can be evaluated by using linear interpolation (eq. 4.2.14). Once
we have obtained the gradient of the neighboring control volumes Vp and Vy (by using eq.
4.3.53), we can obtain an initial approximation to the face gradient by using arithmetic average
as follows,

Vo = W. (4.3.54)
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Figure 4.13: Orthogonal and skew mesh; where Apy is the vector connecting the centroid of the control
volume Vp with the face center f, and Ay is the vector connecting the centroid of the control volume
Vi with the face center f.

This initial approximation of the face interpolated values is then improved by doing a linear
reconstruction from the control volumes centroid values to the face f (linear extrapolation). By
looking at figure 4.13, this approximation is given by

bs = (pp + Apys-Vop) ‘; (o8 + Ay - VCZ’N). (4.3.55)

Equation 4.3.55 is a second order approximation to the face value ¢ . We now can use this new
approximation to compute a new control volume gradient value by using eq. 4.3.53. Finally, we
find the face corrected gradient by using linear interpolation as follows,

(Vo) = fa(VO)p+ (1= f2) (V) - (4.3.56)

Both of the previously presented approaches to treat the skewness suggest an iterative approach
for computing successively better approximations to the face values. In practice, only two or
three iterations are used.

Skewness and non-orthogonality can be presented together, reducing significatively the accuracy
of the numerical scheme (refer to figure 4.14). Whenever one of these mesh induced errors are
presented (figures 4.11-4.14), corrections should be applied in order to avoid numerical diffusion,
unboundedness, and to maintain second order accuracy. In spite of the fact that the methods
previously presented to handle non-orthogonality and skewness are second order accurate, they
use a large computational stencil, which implies larger truncation errors, and can also lead to
potential unboundedness.

To approximate the convective fluxes with the highest accuracy by using the approximations
presented in the previous sections (e.g., CD and midpoint rule), the vector d connecting the
centroid of two neighboring control volumes should pass through the center of the common
face f (non-skew mesh). Maximum accuracy for the diffusive flux is obtained when the vector
d connecting the centroid of two neighboring control volumes is orthogonal to the face f and
passes through the face center (orthogonal and non-skew mesh). Unfortunately, this type of
meshes are more an exception than a rule. Hence, mesh generation requires careful user input
and good meshing practices in order to avoid highly skewed and /or awful non-orthogonal meshes.

From our discussion, we have seen the importance of mesh quality in the solution accuracy.
Highly skewed and/or awful non-orthogonal meshes, will substantially reduce the accuracy of
the numerical method and will add numerical diffusion to the solution, which in turn will smear
the gradients of the transported quantity ¢. Bad quality meshes can also lead to oscillatory
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Figure 4.14: Non-orthogonal and skew mesh; where f; represents the face interpolated value, f the face
centroid and the vector A; is the deviation of f; from f.

solutions (unboundedness), which in turn can conduct to nonphysical values and therefore di-
vergence. In practice, in order to avoid unboundedness when reconstructing the face gradients
we use gradient limiters (also known as slope limiters), to bound the face gradients so as to
avoid undershoots and overshoots on the solution. In this manuscript we will not discuss gra-
dient limiters, but the interested reader should refer to references [3, 22, 27, 24, 12, 25, 26, 7, 28|.

4.3.7 Mesh Spacing

In the previous sections, we employed TSE to determine the accuracy of the approximations
used to find the face values of ¢ and V¢. It was found that the weighted linear interpolation
eq. 4.3.24 is valid on uniform meshes (see figure 4.15) and non-uniform meshes (see figure 4.16).
On uniform meshes, eq. 4.3.24 reduces to an arithmetic average between the two neighboring
control volumes.

As we assumed that the values of the transported quantity ¢ are computed and stored in the
centroid of the control volume Vp, and at the centroid of the faces of the same control volume;
the mean value approximation (eq. 4.3.36), is valid on both uniform and non-uniform meshes.

However, the value of the face gradient approximation, eq. 4.3.37, is only valid on uniform
meshes (refer to section 4.3.4). For non-uniform meshes (see figure 4.16), some of the terms in
the TSE do not cancel, leaving a formal truncation error of order one or O(Ax), this scenario
will be studied hereafter.

Let us consider the unequally spaced mesh shown in figure 4.16, such that Awp < Apg,
Aww < Awp, and Ape < Agg. Using TSE about face e, we obtain

06\ 1. (P8 1. (0%
¢E = Qbe + AeE (&E>e + EAGE <8J;2 . + gAeE @ . + HOT, (4357)
B o) 1., (0% 1.3 (0%
op = ¢e — Ape <8x>€ + EAPe <6[1}2 . — iAPe % . + HOT. (4358)

Subtracting eq. 4.3.58 from eq. 4.3.57, we obtain
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Figure 4.15: Uniform mesh. Notice that Awp = Apg = Ax, Awp = Ape, and Awy = Ape = Aep =
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Figure 4.16: Non-uniform mesh. Notice that Awp < Apg, Aww < Awp, and Ape < Aeg.
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Ao 1 %
¢r — ¢p = (Ack + Ape) (333>e T3 (AZg — Ape) (8552>e +
1 [oM0)
G (AZg + Ade) (0933)8 +HOT. (4.3.59)

Solving for (0¢/0x). in eq. 4.3.59, yields to

% e B (AeE + APe) - 5 (AeE + APe) @

1 (AzE + AgPe) 83¢
~5 (Bon & Apo) (81"3)6 + HOT. (4.3.60)

<5¢) _ 9 —9¢p 1(AZg — Ap,) (32¢>

In eq. 4.3.60 the truncation error ¢; is given by

1 A2 _ A2 2 1 A3 A3 3
€ = _1(Aep = Apo) (%) _ L (Bep o Ape) <8 ¢> +HOT. (4.3.61)
2 (Aeg + Ape) \ Oz . 6 (Acg + Ape) \ 023 .

By inspecting eq. 4.3.61, we notice that if A,p = Ap, (uniform mesh), the leading term of ¢
is equal to zero and we obtain a second order accurate approximation to (0¢/0z).. We can
also infer that the larger the difference between A.p and Ap,, the larger the error. Hence, it
becomes clear that if we keep the difference between A.p and Ap, small, the error of the leading
term in eq. 4.3.61 will tend to zero.

Let us introduce the mesh growth factor Gy, such that

Acg = GrApe, (4.3.62)

gf determines how fast or how slow the mesh expands or contracts between adjacent control
volumes. Substituting eq. 4.3.62 into 4.3.61, yields to

€t —

| (9303, - 23,) <a2¢>

3G Bm  An (622 (4.3.63)

where we only show the leading term of the truncation error ¢;. Manipulating eq. 4.3.63 yields
to

(4.3.64)

€t —

(1—Gy) Ape [(9%¢
2 ox? ),

From eq. 4.3.64 we can see that the truncation error of the centered difference approximation is
of order one and proportional to the mesh spacing Ape. Similarly, the truncation error of the
backward difference approximation (eq. 4.3.58) is of order one and proportional to the mesh
spacing Ape and is given by

Ape (0?0
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However, if we set the value of G close to one in eq. 4.3.64, the truncation error of the centered
difference approximation is significatively smaller than the truncation error of the backward
difference approximation (eq. 4.3.65). It is clear that in order to keep small as possible the error
of the leading term in eq. 4.3.61, we should use a growth factor Gy close to unity.

From the previous discussion, it seems that uniform meshes are desirable. The use of uniform
meshes to represent complex geometries is not an easy task and it is computational expensive,
as it will use the same mesh resolution in areas of high gradients (where we concentrate more
control volumes in order to better resolve steep gradients or local features), and areas where the
solution change slowly. In practice, we refine the mesh (or concentrate more control volumes),
close to walls where we expect boundary layers, in areas of strong gradients, and in zones where
we want to better resolve some local features. Far from the walls and areas of steep gradients or
zones interest, we use a coarse mesh. Non-uniform meshes are the rule rather than the exception
when dealing with complex geometries.

The only thing that we should keep in mind when using non-uniform meshes is that the mesh
should be smooth, i.e., there should be no large spacing differences or fast volume transitions
between neighboring control volumes (otherwise the solution accuracy will be compromise), and
this is achieved by using local refinement an a suitable value of growth factor Gy.
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Chapter 5

The Finite Volume Method for
Diffusion and Convection-Diffusion
Problems

5.1 Steady One-Dimensional Diffusion

WORK IN PROGRESS

5.2 Steady One-Dimensional Convection-Diffusion

In the absence of source terms, steady convection and diffusion of a property ¢ in a given
one-dimensional flow field is governed by

0 0 0¢
The flow must also satisfy continuity
9(pu) _
P 0 (5.2.2)

We consider the one-dimensional control volume shown in figure 5.1. Our attention is focused
in a general node P, the neighboring nodes are identified by W and E and the control volume

faces by w and e.
| dxwp . I " dxpe '

—.—ue

y

l

T F R

w P e

L we
™

Figure 5.1: A general nodal point is identified by P and its neighbors in a one-dimensional geometry,
the nodes to the west and east, are identified by W and E respectively. The west side face of the control
volume is referred to by w and the east side control volume face by e. The distances between the nodes W
and P, and between nodes P and E, are identified by Axwp and Axpg respectively. Similarly distances
between face w and point P and between P and face e are denoted by Ax,p and Az p. respectively. Figure
6 shows that the control volume width is Ax = Az ..

Integration of eq. 5.2.1 over the control volume shown in figure 5.1 gives
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0 0o
— =(I'S=—=— ) — [T'S— 2.
(puSe), — (puSe),, ( s %)e ( s ax)w (5.2.3)
and integration of eq. 5.2.2 yields to

(puS), - (puS), = 0 (5.2.4)

To obtain discretized equations for the convection-diffusion problem we must approximate the
terms in eq. 5.2.3. It is convenient to define two variables F and D to represent the convective
mass flux per unit area and diffusion conductance at cell faces

F = pu,
5.2.5
p_ L (5.2.5)
Ax

The cell face values of the variables F' and D can be written as

Fy = (pu),, Fe=(pu),.,
T 5.2.6
ot T (5.26)
Azwp Axpg

Dy,

By employing the central differencing approach to represent the contribution of the diffusion
terms on the right hand side of eq. 5.2.3, we obtain

do\ dE — ¢p
<Fsa$>e 1.8 (MPE )

5.2.7
(1s2) s, (2220 (>27)
or ), YR Azwp
for the diffusive terms.
Integrating the convection-diffusion eq. 5.2.3, we obtain
Fe¢e - Fw¢w - De ((Z)E - ¢P) - Dw (¢P - ¢W) (528)
and the integrated continuity eq. 5.2.4 becomes
F.—F,=0 (5.2.9)

In the previous we assumed that S,, = S, = S, so we can divide the left and right hand sides of
eq. 5.2.3 by the area S.

The central differencing approximation has been used to represent the diffusion terms which
appear on the right hand side of eq. 5.2.8, and it seems logical to try linear interpolation to
compute the cell face values for the convective terms on the left hand side of this equation. For
a uniform mesh we can write the cell face values of the quantity ¢ as

o = (¢p + oE)
2 5.2.10)
 (bw + 6p) (5.2
i
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Substitution of the above equations into the convection terms of eq. 5.2.8 yields to

E

— (@p +05) = =7 (6w + 6p) = De (65 — ¢p) — Du (6p — éw) (5.2.11)
Rearranging and grouping eq. 5.2.11 yields to
appp = awow + apdE (5.2.12)
where
F
aw = Dy, + 7111
ap = De — % (5.2.13)

ap =aw +ag + (Fe — Fy)

To solve a one-dimensional convection-diffusion problem we write discretized equations of the
form of eq. 5.2.13 for all mesh nodes. This yields to a set of algebraic equations that is solved
to obtain the distribution of the transported property ¢. We also need to defined the initial and
boundary condition in order to have a well posed problem. Let us now present the previously
discussed concepts by means of a working example.

5.3 Steady one-dimensional convection-diffusion working exam-
ple

A property ¢ is transported by means of convection and diffusion through the one-dimensional
domain sketched in figure 5.2. The governing equation is eq. 5.2.1 and eq. 5.2.2; the boundary
conditions are ¢g = 1 at x = 0 and ¢, = 0 at x = L. Using five equally spaced cells and the
central differencing scheme for the convection and diffusion terms, calculate the distribution of ¢
as a function of z for u = 0.1m/s and u = 2.5m/s, and compare the results with the analytical
solution

¢—do _eT —1
oL —do 1

(5.3.1)

B
¢=l} 1¢=0

x=0 x=L

Figure 5.2: Domain with initial and boundary conditions.

Let us explain step by step the solution method by using the mesh illustrated in figure 5.3. The
domain has been divided into five control volumes, so as A, = 0.2m. Note that L = 1.0m
(length), p = 0.1kg/m3, T = 0.1kg/m.s.

dx
A B
2 M, 3 M1, 4
T

T

!
|
i W w P e E
x=0

L‘_ &x dx

Figure 5.3: Grid used for discretization.
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The discretized eq. 5.2.12 and its coefficients eq. 5.2.13 apply to all internal control volumes
(2, 3 and 4). Control volumes 1 and 5 need special treatment since they are boundary cells.
Integrating the convection-diffusion equation eq. 5.2.1 and using central differences for both
the convective and diffusive terms, and by applying the boundary and initial conditions we can
obtain the solution to our model equation.

The value of ¢ is given at the west face of cell 1 (¢, = ¢4 = 1) so we do not need to make any
approximation in the convective flux term at this boundary. This yields the following equation
for node 1,

% (¢p + ¢E) — Fada = De (¢ — ¢p) — Da(¢p — ¢a) (5.3.2)

For the control volume 5, the ¢ value at the east face is known (¢. = ¢ = 0). As before, we
obtain the following equation

Fisis — 22 (60 + ow) = Di (65 — 6p) — Du (67 — bw) (533)

Rearranging and grouping equations 5.3.2 and 5.3.3, we get the discretized equations at bound-
aries nodes,

apgp = awdw + apdp + Sy (5.3.4)

where

ap =aw + ag + (Fe — Fw) —Sp (5.3.5)
Note that Dy = Dp = 2I'/Ax = 2D and Fy = Fg = F.

To introduce the boundary conditions we have suppressed the link to the boundary side and
entered the boundary flux as source terms.

Table 5.1: Nodes discretization.

Node aw ag Sp Su
1 0 D—-F/2 | —2D+F) | 2D+ F)¢a
2,3,4| D+F/2 | D-F/2 0 0
5 D+ F/2 0 —(2D—-F) | (2D - F)¢p

For u=0.1m/s, = pu=0.1, D =T/Ax = 0.5, the coefficient are summarized in table 2.

Table 5.2: Coefficients summary.

Node aw ag Sp Sy ap =aw +ag — Sp
1 0 0.45 | -1.1 | 1.1¢4 1.55
2 0.55 045 | O 0 1.0
3 0.55 045 | O 0 1.0
4 0.55 | 0.45 0 0 1.0
5) 0.55 0 -0.9 | 0.9¢p 1.45

By setting now ¢4 = 1 and ¢p = 0, we get the following system of equations,
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1.55 —0.45
—-0.55 1.0
0.0 —0.55
0.0 0.0
0.0 0.0

0.0 0.0
—-0.45 0.0

1.0 —0.45
—-0.55 1.0

0.0 —0.55

The solution of the previous system yields to

b1 0.9421
P9 0.8006
3| =

6| 04163
o] 0.1579

0.6276

é1 .

bo 0.0
¢s| = (0.0
b4 0.0
b5 0.0

(5.3.6)

(5.3.7)

The numerical and analytical solutions are compared in table 5.3 and in figure 5.4. The analytical
solution for this problem is,

¢(z) =

27183 — ¢
1.7183

(5.3.8)

From the results, it can be seen that regardless the coarseness of the mesh, the central differ-
encing (CD) scheme gives reasonable agreement with the analytical solution.

Table 5.3: Comparison of the numerical and analytical solutions.

Node || Position | FVM solution | Analytical solution | Difference | Percentage error
1 0.1 0.9421 0.9387 -0.003 -0.36
2 0.3 0.8006 0.7963 -0.004 -0.53
3 0.5 0.6276 0.6224 -0.005 -0.83
4 0.7 0.4163 0.4100 -0.006 -1.53
) 0.9 0.1579 0.1505 -0.007 -4.91
1.07
| u=0.1m/s
08
06 :_ Exact solution
. |
04
Numerical solution (CD)
02t
ool P - T S
0 0.4 0.8 1.0
Distance (m)

Figure 5.4: Comparison of the numerical and analytical solutions for u=0.1m/s.

ez The cell Peclet number (or cell Reynolds number), is defined as,

1263

1264

pulzx
Peceyy = ——

r
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(5.3.9)

gives a relation between convection and diffusion. If the local Peclet number is less than 2, it is
sufficient for boundedness of the solution by using CD for computing the convective terms. But
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when the Peclet number is higher than 2, the solution obtained by using CD for the convective
terms shows an oscillatory behavior (unboundedness).

As an exercise, try to compute the cell Peclet number for the previous example.

In the next case (u = 2.5m/s), the cell Peclet number is higher than 2. Let us see the solution,
this is let to you as an exercise. You just need to proceed in exactly the same way as we did before.

5.4 Unsteady One-Dimensional Diffusion

WORK IN PROGRESS

5.5 Unsteady One-Dimensional Convection-Diffusion

WORK IN PROGRESS
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