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The closure problem

Let us recall the exact incompressible Navier-Stokes RANS equations,

Reynolds stress tensor

R = _p (wr)

V-(u)=0 /

. 1, o 1
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At this point, the problem reduces on how to compute the Reynolds stress tensor.

In CFD we do not want to resolve the velocity fluctuations as it requires very fine meshes and
small time-steps.

That is, we do not want to solve the small scales due to the fluctuating velocities and transported
guantiles.

The RANS/URANS approach to turbulence modeling requires the Reynolds stress tensor to be
appropriately modeled in terms of known quantities (mean flow).



The closure problem

« Different approaches can be used to model the Reynolds stress tensor i

« Algebraic models.

» Eddy viscosity models (EVM) — Boussinesq approximation.
* Non-linear eddy viscosity models.

* Reynolds stress transport models.

« Algebraic Reynolds stress models.

« Vorticity based models.

 And a few/many more?

« Have in mind that the literature is very rich when it comes to turbulence models.
*  We will explore the most commonly used approaches.

» That probably are the most robust and accurate appraiches.



The closure problem

« Overview of the main turbulence modeling approaches.

MODELING APPROACH

RANS

Reynolds-Averaged Navier-Stokes equations

URANS

Unsteady Reynolds-Averaged Navier-Stokes equations

For the moment we will focus our
attention on these turbulence models

* Many more acronyms between RANS/URANS and
SRS simulations.

* Some of the acronyms are used only to differentiate
approaches used in commercial solvers.

PANS, SAS, RSM, EARSM, PITM, SBES, ELES

DES

Detached Eddy Simulations

LES

Large Eddy Simulations

; D N S ) SRS refers to all turbulence models which resolve at least a portion
Direct Numerical Simulations of the turbulence spectrum in at least a part of the domain.
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SRS
Scale-Resolving Simulations



The closure problem

«  RANS/URANS models can be classified according to the number of equations.
» First-order closure models:
« 0-equation, 1/2-equation, 1-equation, 2-equation, 3-equation, and so on.

« Second-order closure models (also called second-moment closure SMC, Reynolds stress
modeling RSM, or Reynolds stress transport RST):

* Reynolds-stress transport models RSM (7-equations in 3D).

« Algebraic Reynolds-stress models ARSM (2-equations).
« Third-order and higher order closure models.
» All these formulations can use linear or non-linear eddy viscosity models.
« Just to name a few turbulence models:

 Baldwin-Barth, Spalart-Allmaras, £k — €, kK —w SST, k — kl —w,RSM LRR,
RSM SSG, Langtry-Menter SST, V2-F, Launder-Sharma, ¢ — .

* And the list keeps growing. As you will find, there is a plethora of turbulence models.

* Our goal, is to use the less wrong model in a very critical way.

Note: a nice collection of turbulence models at this link https://turbmodels.larc.nasa.gov/



The closure problem

« Turbulence models equations cannot be derived from fundamental principles.
« All turbulence models contain some sort of empiricism.

« Some level of calibration to observed physical solutions, numerical solutions, or analytical
solutions is contained in every turbulence models.

« Also, some intelligent guessing is used.

* Alot of uncertainty is involved!



The closure problem

“Remember that all models are wrong; the practical question is how wrong
do they have to be to not be useful.”
G. E. P Box

“Models are as good as the assumptions you put into them.”
A. Fauci

An 1deal model should introduce the minimum amount of complexity
while capturing the essence of  the relevant physics”.

D. C. Wilcox
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Exact equations and solvable equations

In our discussion, when we talk about exact equations, we refer to the governing equations that
were derived without using approximations.

Whereas, when we talk about the solvable equations, we refer to the governing equations
derived from the exact equations using approximations.

The solvable equations are those that we are going to solve using different approximations,
e.g., Boussinesq hypothesis, gradient diffusion hypothesis, and so on.

In few words, in the solvable equations we are inserting approximations to avoid solving the
small scales in turbulence.
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Exact equations and solvable equations

+ For example, the exact Navier-Stokes RANS equations can be written as follows,

V. (@) =0

_ 1 1 —
(?9_1151 + V- (uu) = " (VD) +vV-u + ;V . where T=7F (u’u’)

« The solvable Navier-Stokes RANS equations (after using approximations), can be written as
follows,

Turbulent eddy viscosity
V(@) =0 l
ou 1

. _ 2 1 _
E%—V-(uu)— p(Vp+3ka)+V [p(ﬁb‘l‘ﬂt)VU]

* Inthis case, the solvable RANS equations were obtained after substituting the Boussinesq
approximation into the exact RANS equations.

» The problem now reduces to computing the turbulent eddy viscosity in the momentum equation.
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Derivation rules and identities to remember

During the derivation of the equations, we will use the product rule and a few additional vector
identities to simplify the equations.

The product rule is written as follows,

0B, 0A;
2 + B,

oAB;

8:1Jk 8_3% 63%

The product rule can also be expressed as follows,

0B; 0A;B; 0A; 0A; 0A;B; 0B;
J J B B_] _ J Z_J

A, : —
0T 0T T Oxy Ox 0T

0T

Notice that the product rule can also be used with the time derivative.
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Derivation rules and identities to remember

 We can also use the product rule with the Laplacian operator as follows,

() -

~ N
0 0A; 9, 0A; 0A; 0 A;
A = A -
N~ azlﬁj 8:1:j aécj SN~~~ 8;cj (9333' 8:cj
A ——— \ A \,./) ———
B B B
05 A A; 0A;
8£Cj :Ai 833j

« The previous relation was derived using the product rule as follows,

8Bj . 8AZB3 _ B 8Az

A -
63% (933k; J aﬂ?k
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Derivation rules and identities to remember

* Using the product rule, we can write the following relation,

0A;A; _ 4 0A;

ij iaiL‘j

0A; _ oA 0A;

iaZL‘j al‘j

+ A

*  Which is equivalent to,

aflﬁj B i@xj

* Always have these relations at hand as we are going to use them very often to simplify (or
complicate) the equations.

* Anytime that we use the product rule, you will find the following legend next to the term,

Product rule
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Derivation rules and identities to remember

* Also remember that in incompressible flows the following identity holds,

8%@ o 8u; —0
833‘7; N c’?a:*z B

« Finally, remember that the partial derivatives commutes,

8 8Uj 8 8uj

aib‘j 6’% N 8332 aib‘j

Equal to zero in incompressible flows
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Derivation of the Reynolds stress transport equation

« To derive the exact Reynolds stress transport equation, we can proceed as follows,

« Starting from the Navier-Stokes equations with no models (or the exact NSE or laminar
NSE equations), we apply a first order moment to the equations (in analogy to statistical
moments).

« That is, we multiply the NSE by the fluctuating velocities «; and «’; , so we obtain the
operator u;u; , a second order tensor.

« Then, the instantaneous velocity and pressure are replaced with the respective Reynolds
decomposition expression.

« At this point, we proceed to time average the equations.
« Finally, we do a lot of algebra to simplify the resulting equations.

 We also use the same averaging rules and vector identities used when deriving the RANS
equations.

 Plus, some additional differentiation rules.

20



Derivation of the Reynolds stress transport equation

Probably, the Reynolds stress model (RSM) is the most physically sound RANS/URANS model
as it avoids the use of hypothesis/assumptions to model the Reynolds stress tensor.

But this does not necessarily mean that this method is better that the others.

Each method has different capabilities and limitations.

21



Derivation of the Reynolds stress transport equation

Before going thru the steps necessary to derive the exact Reynolds stress transport equations,
let us take a look at the final set of equations written using index notation,

R R — — / /
87_@'3‘ B 87}" R@uj R ou; ou! 8Uj
+ Uy, = — (1= +Ti; + 22—t —2
i . e
ot Tl 0T % 0z, Oxy Oxy,
v A > Ny >
vV ~ ~ - vV
1 2 3 4
R
L( o , O Y O 0 (==
S st U2 Sr-wwanin ni 7 T-wuulll B nlieweunll (14 T o | U
0 ox; ox; oxy, Oxy, oxy,
~ J _/ ~ 7
W A _J WV
Vv
5 6 7
1. Transient stress rate of change term. We get 6 new equations, but we also generate 22 new unknowns.
2. Convective term.
3. Production term. wuluy,  — 10 unknowns
4, Dissipation term (tensor dissipation). W
B Turbulent stress transport related to the velocity and ou; 775 — 6 unknowns
pressure fluctuations (redistribution). dxy, Oxy,
Viscous stress diffusion (molecular). 7 7
1 / ap / 8p 6 k
7.  Diffusive stress transport resulting from the triple correlation E U, 9z +u; Y - UNKNOWNS
of velocity fluctuations. 4 !
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Derivation of the Reynolds stress transport equation

* Let us derive the exact Reynolds stress transport equation*.
« Let N(u;) denote the Navier-Stokes operator,

c’iui 8’&@ 8]9 821673
o7 + pug +

N(ui) = p Ooxr.  Ox; B u@:r;ka:k

=0

» To derive the exact Reynolds stress transport equation, we form the following time average,

wiN (uj) +uN(u;) =0

« Then, the instantaneous velocity and pressure variables are replaced with the respective
Reynolds decomposition.

« Finally, we do a lot of algebra in order to simplify the equations.

* This set of equations was first derived by Chou [1].

[1] P. Y. Chou. On Velocity Correlations and the Solutions of the Equations of Turbulent Fluctuation. Quarterly of Applied Mathematics. 1945. 23



Derivation of the Reynolds stress transport equation

Basically, we are multiplying the exact momentum equations by the velocity fluctuations in order
to obtain governing equations for,

1,7
L

In doing so, we are increasing the order of closure of the equations, from first-order moment
closure to second-order moment closure (in analogy to statistical moments).

In theory, we can continue increasing the order of the moment closure up to infinite.

However, if we keep increasing the moment, higher order correlations will keep appearing in the
equations.
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Derivation of the Reynolds stress transport equation

For example, in the exact Reynolds stress transport equations, which are second-order
moment closure equations, a triple correlation appears, namely,

o,
U U5 Uy,

We could derive a set of governing equations for this triple correlation, but the resulting
equations will contain quadruple correlations.

Therefore, it is easier to model this term.

It is worth noting that third-order moment closure models do exist, but they are not widely
diffused, and they do not guarantee better results.

Let us derive the exact Reynolds stress transport equation term-by-term using compact index
notation.

25



Derivation of the Reynolds stress transport equation

* Unsteady term,

wi(puj) e +ul(pus) ¢ = pui(ug + uwi) o + pul(u; + ug) ¢

_ !~ . /! ! = !,/
= PUUj ¢ T PUU; p + PUUG ¢+ PUSU;

— Iy, ! o7
— puiuj,t —|— pu_] u’l:,t — Product rule

= plugu’) ¢
_ _pan,;j
ot

Note:
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Derivation of the Reynolds stress transport equation

Convective term,

puiURl; g + puiurti e = pui (U + wp) (U5 + uf) e + puf (U + u) (U + ug) k

Product rule — —= pU;ﬁku;,k + P'Uf;u:;ﬁ(ﬁj + 'Uf;),k + pugﬁku;,k + pugu;c(ﬂ,z + {U’;)»k

Productrle  ——> = PUk (WU g+ PUTUL UG K + pUSUL UG g+ pug (W)

i

OTi; 0t 0u; 0 ————

= —puy, g ,omﬂﬂ — PTjk A p=— (uu’uy,)
a:l’:k J

B:ck

8xk
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Derivation of the Reynolds stress transport equation

Pressure gradient term,

/

wip ;T wp =uwi(P+p);+u;(p+p),
= wip; +u;p;

: op’ | op’

’ 8373' J 8561

<
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Derivation of the Reynolds stress transport equation

* Viscous term,

puiug er + wiug k) = pug (g + uf) ke + pul (W + u)) gk

— !,/
I Muzuj kk‘; —I_ uu u?, k‘k — Product rule

:,u,(uu) k—2,uuzk,u3k

82723 Y ou; 3U
8a:k8xk 33% &Uk

Note:
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Derivation of the Reynolds stress transport equation

» Collecting terms, we arrive at the exact transport equation for the Reynolds stress tensor,

8Ty aTy OU ; 8@@
J _I_ J J

= —Tikn -~ Tk
’ 8$k J 8xk
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Derivation of the Reynolds stress transport equation

« After some algebra, the previous set of equations can be further simplified as follows,

aﬂ'j +ﬂk8'r¢j __T.k%_Tkauz Te, 1L L 2 0 87‘1;3' —|—Ck
- ? 7 ? ?
ot 0T OxL J 0T J J Ox 839].3 J
* In the previous equation, we can group terms as follows,
ou!, O, 0 0
€ij = — P = Tiko—= + Tjk ry =l = — (v
Ox Oxy Oxy, Oxy, Y o
Dissipation term (tensor dissipation) Production term
' Ou ou’.
Hw:g( >+ J pczjk_puuuk+pU5jk+pU5zk
Oxr;  Ox;
J (]
Pressure strain term Turbulent transport term

* These are the exact Reynolds stress transport equations.

« To derive the solvable equations, we need to use approximations in place of the terms that

contain the velocity and pressure fluctuations (€3, H,L-j, pC'Q;jk, P).
32



Derivation of the Reynolds stress transport equation

« Finally, we can write down the exact Reynolds stress transport equations as follows.

Dissipation term

{_A_\

aTij _ (f})Tq;j . . a’LLj 8’&1 N I, 6‘ aT/L‘j C .
+ Uk — ~Tik 5 — Tjk 73— + Cij — 1lij + — |V + ijk
\ J ( J ( J
| | |
Material derivative Production term Turbulent diffusion and redistribution term

* Where the variables ¢;;, H,L-j, pC’ijk , were defined in the previous slide.
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Derivation of the Reynolds stress transport equation

At this point, we can group the different terms in the exact Reynolds stress transport equations
RSM as follows.

vVirt 4+ Vo= PT + &+ DT+ ST
N—— N—— —~—~ N~ N~ N~
Transient Convection Production  Dissipation Diffusion Source terms

This general equation have,
« Atransient term.
« Aconvective term.
* A production term (eddy factory).
« Adissipation term (where eddies are destroyed or the eddy graveyard).
* Aturbulence diffusion term (transport, diffusion, and redistribution due to turbulence).

« Additional source terms to take extra contributions, such as, viscous heating, buoyancy,
and so on.

Using this representation of the exact equations we plan plot the budget of the Reynolds
stresses.
34



Derivation of the Reynolds stress transport equation

Budget of the Reynolds stresses

* Using the exact Reynolds stress transport equations, we can plot a budget (or balance) of each term
appearing in the exact equations.

«  This budget provides valuable guidelines for model developers, model testing, and model validation.

100 T 1000
‘ | — uu — uu
vV vV
‘ — ww ww
80 ! —_ 800 —_ ]
| | —— 100*uw —— 100*uw
| \ —— 100%*vw —— 100%*vw
| \ — k — k
| |
60 f { 600
[
.
> >
40 f \ 400
J'. \
20 ) 200
0 0 —
0 2 4 6 8 0 4 6 8
Turbulence quantity Turbulence quantity

Turbulent budget — Variance and covariance of velocity components
https://nbviewer.org/url/www3.dicca.unige.it/guerrero/turbulence2022/bokeh/lecture6/plots-bokeh.ipynb

[1] M. Lee, R. Moser, Direct numerical simulation of turbulent channel flow up to Re_tau = 5200, 2015, Journal of Fluid Mechanics, vol. 774, pp. 395-415. 35
[2] Data source: https://turbulence.oden.utexas.edu/channel2015/



Derivation of the Reynolds stress transport equation

Budget of the Reynolds stresses
* Using the exact Reynolds stress transport equations, we can plot a budget (or balance) of each term

appearing in the exact equations.

« This budget provides valuable guidelines for model developers, model testing, and model validation.

100

100

—— Production —— Production ‘ ‘
Turbulent transport Turbulent transport
—— \Viscous transport —— Viscous transport | ‘
80 —— Pressure transport transport go| — Pressure transport transport |

—— Dissipation —— Dissipation

60 60

> >

40 40
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0 -0.4 -0.2 0.0 — 0.2 0.4 0 -0.150 -0.125 —0.100 —0.075 —0.050 —0.025 7-7(-3;.000 0.025

Turbulence quantity Turbulence quantity
Left image: Turbulent budget of the shear Reynolds stress u’u’.
Right image: Turbulent budget of the shear Reynolds stress u’v’.
https://nbviewer.org/url/www3.dicca.unige.it/guerrero/turbulence2022/bokeh/lecture6/plots-bokeh.ipynb

[1] M. Lee, R. Moser, Direct numerical simulation of turbulent channel flow up to Re_tau = 5200, 2015, Journal of Fluid Mechanics, vol. 774, pp. 395-415. 36

[2] Data source: https://turbulence.oden.utexas.edu/channel2015/



Derivation of the Reynolds stress transport equation

« Finally, recall that the resolved Reynolds stress tensor 7;; or T{?, is defined as follows,

pu'u’  pu'v”  pu'w’
T =T,;, = —p (uzuj) — p”U”LL’ /O’U’”U, pvlwl
pwu p

S

* The Reynolds stress tensor is rather important in turbulence modeling.
» It represents the transfer of momentum due to turbulent fluctuations.
« The Reynolds stress tensor is symmetric. Therefore, it has six components.

» The diagonal components represents normal stresses.

ou'u’  pv'v"  pw'w’

« The off-diagonal components represents the shear stresses.

ou'v' = pv'u’  puw = pw'u’  pv'w = pw'v’
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Derivation of the Reynolds stress transport equation

R

Finally, recall that the resolved Reynolds stress tensor 7;; or Tiis is defined as follows,

ou'u"  pu'v’  pu'w’
rh=rlt=_p (ugu’) = — | pv'u’  pv'v pv'w
pw'u"  pw'v’  pw'w

By using a second-order moment closure method, we are deriving governing equations for each
component of the second-rank tensor (six equations as the tensor is symmetric).

» Therefore, there is no need to use the Boussinesq hypothesis.

« However, we still need to introduce approximations to model the fluctuating quantities.

Notice that the Reynolds stress tensor is not actually a stress, it must be multiplied by density in
order to have dimensions corresponding to stresses.

It is not compulsory to multiply this definition by the density.

But if you do so, you need to also divide by the density the term in the equation where you
added this definition.
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Derivation of the Reynolds stress transport equation

* Let us establish a physical interpretation to the Reynolds stress tensor.
« Imagine a fluid parcel in a boundary layer with a velocity gradient du/dy > 0 .
*  Now imagine the same fluid parcel crossing the dashed line in the figure (from bottom-to-top).

« A positive velocity fluctuation will imply that a slow-moving fluid parcel is transported into a faster moving flow
stream.

«  This slow-moving fluid parcel will generate a momentum deficit in the fast-moving flow stream.

« Thatis, a negative velocity correlation.
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Derivation of the Reynolds stress transport equation

* Let us establish a physical interpretation to the Reynolds stress tensor.
« Imagine a fluid parcel in a boundary layer with a velocity gradient du/dy > 0 .
* Now imagine the same fluid parcel crossing the dashed line in the figure (from top-to-bottom).

«  Similarly, a negative velocity fluctuation will imply that a fast-moving fluid parcel is transported into a slower
moving flow stream.

«  This fast-moving fluid parcel will generate a momentum excess in the slow-moving flow stream.

« Thatis, a negative velocity correlation.
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Derivation of the Reynolds stress transport equation

From this rather simply explanation, we can see that the Reynolds stress tensor is responsible for the
momentum exchange.

The same reasoning can be applied to all directions or other flows, such as, jets with a negative mean velocity
gradient or three-dimensional boundary layer.

At this point, | hope it is clear why the velocity fluctuations have a negative correlation in the Reynolds stress
tensor.

The negative correlation means that if one fluctuating component is positive, the Reynolds stress will be
negative, and vice versa.

* Therefore, there will be a momentum exchange.

y ?j V=00

I—» W=u—a

Distance normal to wall
Distance normal to wall

Velocity

Velocity
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Derivation of the Reynolds stress transport equation

Both, the normal Reynolds stresses and the shear Reynolds stresses are responsible for
momentum exchange.

The normal Reynolds stresses denote the turbulent transport of momentum in the respective
directions.

« They can be interpreted as the intensity of the fluctuations.

The shear Reynolds stresses denote the turbulent transport of momentum from one direction to
the one in its perpendicular direction.

« For example, from the x-direction to y-direction in the component Tz .

The shear Reynolds stresses drastically enhance the transport phenomenon.
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Derivation of the Reynolds stress transport equation

The Reynolds stresses are a direct consequence of the velocity fluctuations.

* They arise from the non-linear terms in the momentum equations.

Without velocity fluctuations, there is no turbulence.

« This why it is so important to understand the behavior of these fluctuations in order to
construct accurate turbulence models.

The Reynolds stresses are much larger than the viscous stresses.

The Reynolds stresses not only transport momentum.

They also transport scalar quantities, e.g., pressure, temperature, concentration, and so on.
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Derivation of the turbulent kinetic energy equation

The transport equation for the turbulent kinetic energy can be derived by taking the trace of the
Reynolds stress transport equation.

« Thatis, by making ¢ =7 (contraction of the tensor).
» Let us recall the following definitions,

1
k = 5“2“2 =

1 (UIZ + fUIQ + le)
2
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Derivation of the turbulent kinetic energy equation

By taking the trace (¢ = j ) or contraction of the Reynolds stress equation we obtain,

= /
87'@‘/,; _ 87’,;@' 8’1,11@ 1, (97'/,;7; 2 ’ 8p 0 — 7
+ U = —2Tji—+ €i +=— |V +— | u + — (ujuiu;)
ot oxy, 0 Oxy, Oxy, o ox; oxy,
R,—/ \ / N\ y N ~ / \ ~ _y N /
" '
1 2 3 4 5 6 7
tr
_ _ 144/ _ R
T =T = — (WW) = — (uzuz\) = —2k
1. Transient rate of change term. 5. Rate of viscous stress diffusion (molecular).
2. Convective term. 6. Turbulent transport associated with the eddy pressure and velocity
3. Production term arising from the product of the Reynolds stress and fluctuations.
the velocity gradient. 7. Diffusive turbulent transport resulting from the triple correlation of
4. Dissipation term (scalar dissipation). velocity fluctuations.
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Derivation of the turbulent kinetic energy equation

«  We can now substitute 7;; = —2k and simplify to obtain the following equation,
Ok , Ok Oug 0 [ Ok lemmy 1o
— Uy——— = Ty — — € P V———uuu —p U
ot jé’a:j ‘78:1:j 833]' 8373 2 i P J
— — e —
Production Molecular diffusion I Pressure diffusion
Dissipation Turbulent transport

Where ¢ is the scalar dissipation rate (per unit mass) and is given by the following relation,

E@'f,; 8’& 8”& Note:
>~ "oz, j 0

« This is the exact turbulent kinetic energy transport equation.

» To derive the solvable equation, we need to use approximations in place of the terms that
contain fluctuating quantities.

« The Reynolds stresses can be modeled using the Boussinesq approximation. o



Derivation of the turbulent kinetic energy equation

Budget of TKE

Using the exact turbulent kinetic energy transport equations, we can plot a budget (or balance) of each term
appearing in the exact equations.

* Note that production of TKE peaks in the buffer layer (about y* 15) and dissipation peaks in the viscous
sublayer.

« As we get away from the walls (y* > 60), production and dissipation are in balance

0.0 50.0 100.0 150.0

y+

Figure 5. Terms in the budget of the turbulence kinetic energy, k, in wall co-
ordinates. Py = Production; T, = Turbulent transport; Dy = Viscous diffusion; ¢, =
Dissipation rate; IIx = Velocity pressure-gradient term.

[1] N. Mansour, J. Kim, P. Moin. Reynolds-Stress and Dissipation Rate Budgets in a Turbulent Channel Flow. NASA TM 89451. 1987 51



Derivation of the turbulent kinetic energy equation

« The division of the total energy between kinetic and internal energies has a parallel in turbulent
flows.

* Inturbulent flows, we can split the total mean kinetic energy (per unit mass) into the sum of the
kinetic energy of the mean field K and the kinetic energy of the fluctuating field k, as follows,

l— 1-- 1—
- _ - YV
2UU 2UU—|—2’LL’LL

N~ = =
I_{Total I_{ k

» To derive this relation, we proceed in a similar way as for the RANS equations.
« Use the Reynolds decomposition.
« Time average the equations.
« Apply averaging rules.

« Do some algebra.
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Derivation of the turbulent kinetic energy equation

We just derived a transport equation for the turbulent kinetic energy k or TKE.

Let us derive a transport equation for the mean kinetic energy field K, which is defined as
follows,

_ 1 - _ _ 1
K= - K:__iz
2UU 2u

; |

To derive this transport equation, we multiply the exact Navier-Stokes RANS/URANS equation
by the mean velocity u; .

ou; Ouu; 1 0p O*u;  Ouju
+ + = —V + =0
ot 8.’13‘j P 8:1;@ 8$jzcj 8513]'

U;

And we do some algebra.
By the way, remember the differentiation rules defined in section 3 of this lecture.

Notice that we multiplied the exact Navier-Stokes RANS/URANS equations by u;, to create the
group u;u;-

Similar to what we did when deriving the exact Reynolds stress equation. s



Derivation of the turbulent kinetic energy equation

After some algebra, we obtain the following transport equation for the mean kinetic energy.

Production term

(_*_\
0K 3 0K Ou; ou; 0uy 0 0K — 1
+ — (uzujuz) — ;puj

9t Yo, T Ton, Yoz, 0m, oz, |\ 0z,

\ Y J \_Y_} { Y J

Turbulent diffusion and redistribution term

Material derivative Dissipation term

And recall that,

_ 1
K ==

/.1
Tf,;j = —uz-u .
2 J

gl

()

This is the exact mean kinetic energy transport equation.

Notice that the terms appearing in this equation are very similar to those appearing in the
turbulent kinetic energy transport equations.

54



Derivation of the turbulent kinetic energy equation

« The transport equation of the mean kinetic energy (large scales), is defined as follows,

Production term
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Material derivative Dissipation term Turbulent diffusion and redistribution term

« The transport equation of the turbulent kinetic energy (velocity fluctuations), is defined as follows,

Production term
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* Notice that these equations are very similar, the main difference is the sign of the production term.

* In the mean kinetic energy equation is negative (loss of energy) and in the turbulent kinetic energy equation is
positive (gain of energy). This was briefly outlined during Lecture 3. 55



Derivation of the turbulent kinetic energy equation

Supply of mean kinetic energy and turbulent kinetic energy in the energy cascade

* In Lecture 3, we addressed the energy cascade,
and we briefly outlined the transport equations
for the mea‘n klnetlc energy a'nd for the turbUIent Integral scales Inertial subrange Dissipation range

kinetic energy. * o
Energy supply - Mean flow
o

> >

+ Inthis Lecture, we just derived the Reynolds E
stress equations, the mean kinetic energy \ ,
equation, and the turbulent kinetic energy Dissipation of energy transferred
equation. | \\\ . —5/3
* We also gave an interpretation to each term z Lo = fff
appearing in these equations. 5 = \
» So, at this point | hope all these concepts are
C|earer_ o | Energy supply - Fluctuating flow
2
h = LT)[
101 —— Turbulence energy F(x)
" Wavenumber K zlﬂ.

n
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Derivation of the turbulent kinetic energy equation

Supply of mean kinetic energy and turbulent kinetic energy in the energy cascade

« Summarizing the energy cascade process:

« Large scales (mean flow), are very
energetic. They supply energy to the flow. 5 »
Therefore, large scales loss energy. Energy Suppw.M;an flow
i «

* The energy loss of the mean flow is an S

energy gain of the turbulent kinetic energy. " =
= Tas

Integral scales Inertial subrange Dissipation range
> >

* This energy is transferred at a constant
rate in the inertial subrange.

Dissipation of energy transferred

.
.
. 5 /-
= Faat? ] -5
2 /
.

PSD E(x)

« At the end of the inertial subrange, the

turbulent kinetic energy is dissipated.
o | Energy supply - Fluctuating flow /

SREE.U
Lpi

. Let us take a look at the budgets of turbulence g
kinetic energy and Reynolds stress.

101 —— Turbulence energy F(x)

T
Wavenumber K 2

n
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Derivation of the turbulent kinetic energy equation

Budget of turbulent kinetic energy

The turbulence kinetic energy budget provide valuable guidelines for model developers, model testing, and
model validation.

These budgets can be obtained from experimental measurements or numerical simulations.

As can be seen, the buffer layer is very energetic. The production of TKE peaks in this region!
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vV Turbulent transport
— ww —— Viscous transport
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| k
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>
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/
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Left image: kinetic energy, normal stresses and shear stresses.

Right image: turbulent kinetic energy budget.
https://nbviewer.org/url/www3.dicca.unige.it/guerrero/turbulence2022/bokeh/lecture6/plots-bokeh.ipynb

[1] M. Lee, R. Moser, Direct numerical simulation of turbulent channel flow up to Re_tau = 5200, 2015, Journal of Fluid Mechanics, vol. 774, pp. 395-415. 58
[2] Data source: https://turbulence.oden.utexas.edu/channel2015/



Derivation of the turbulent kinetic energy equation

Budget of turbulent kinetic energy

» The turbulence kinetic energy budget provide valuable guidelines for model developers, model testing, and
model validation.

+ These budgets can be obtained from experimental measurements or numerical simulations.

» As can be seen, the buffer layer is very energetic. The production of TKE peaks in this region!

Production

Dissipation

-030 n L . '
20 40 60 80 100
y+
Fig. 4.7 Ki'15’fi‘3_¢”+7€rﬁ.“ and ”OTEI stresses. Cl"“"_”ilﬂﬂw DNS [49], boundary layer measurements Fig. 4.11  Comparison of turbulent boundary layer and channel flow production and dissipation rates
[33). — —ande, 2" ;.- and o, v? ; —-—and o, w? ;— K. scaled with v and uy. 0, boundary luyer measurements at Ry = 1050 [33]; —, DNS boundary layer at
Rz = 650 [60]; — — DNS channel flow Ry = 590 [49]. o

Left image: kinetic energy and normal stresses. Right image: turbulent kinetic energy budget (production and dissipation).
Comparison using experimental and numerical data. Images reproduced from reference [1].

[1] P. Bernard, J. Wallace. Turbulent Flow. Analysis, Measurement and Prediction. 2002. 59



Roadmap to Lecture 6

Part 1

6. Additional comments



Additional comments

« We just derived the exact form of the Reynolds stress transport equation and the exact form of
the transport equation for the turbulent kinetic energy.

* The exact form of the turbulent kinetic energy was derived from the Reynolds stress transport
equation; therefore, they share some similarities.

* Namely,
* A production term or the eddy factory.
« Adissipation or destruction term, where eddies are destroyed (the eddy graveyard).

» Aturbulence diffusion term that is responsible for the transport, diffusion, and redistribution
due to turbulence.

* Plus, any additional source term, such as buoyancy, gravity forces and so on.

* In general, all equations used in turbulence modeling share the same similarities.
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Additional comments

For example, the RSM equations can be grouped as follows,

virt +v.ar = PT + &+ D7+ ST
Transient Convection Production Dissipation  Diffusion Source terms

And the turbulent kinetic energy can be grouped as follows,

Vik + V-uk = P + & + DF 4+ SF
——" N~ N~ N~ —~—
Transient term  Convection Production Dissipation  Diffusion Source terms

It is easy to see that any other derived turbulent quantity ¢ can be expressed in the same
way,

P 6 é ¢
Vip  + V.o P* + & 4+ D 4+ S

Transient term  Convection Production Dissipation Diffusion Source terms
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Additional comments

It is worth mentioning that the production term appearing in the turbulence equations always
shows a similar structure.

That is, it is the product of the Reynolds stress tensor times the mean velocity gradient, times
some proportionality constant (or coefficient).

Using index notation, the production term can be written as follows,

0u;
aiﬁj

Constant X 7;;

This operation represents the scalar product of two second-rank tensors.

Using vector notation, the production term is written as follows,

Constant x 7 : Vu

Where the semicolons (:) represents the double dot product or the scalar product of two
second-rank tensors.

And to some extension the same can be said for the dissipation and diffusion terms.
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Additional comments

« For example, the production term in the Reynolds stress equation it is written as follows,

8ﬁj ou;

—Tik 5 — Tjk
a.’L’k J

8a:k

« And in the turbulent kinetic energy equation, the production term is written as follows,

Ou,;

’Tij —
8a:j
* Whereas, in the turbulent dissipation equation, the production term is written as follows,

€ 811,,.,
Cea E%‘ja—xj

* And in the specific turbulent dissipation equation, the production term is written as follows,

w 8’(11

Note: O—Ti ——

J .

R omT 96 2 oks. k 8583
T%J puzu_’] M55 3p )
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Roadmap to Lecture 6

Part 1

/. Another touch to the closure problem
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Another touch to the closure problem

 From the solvable RANS equations, our problem reduces to computing the turbulent viscosity.
V-(@)=0

12 1 _
E+V-(uu)— p(Vp+3ka>+V [p(u+ut)Vu]

T

Turbulent viscosity

* As we have seen, a relationship for the turbulent viscosity can be derived by using dimensional
analysis.

 We just need to find a combination of variables that results in the same units of the molecular
viscosity,

Mt = f(k,ﬁ,(.d,l,t,’l),...)

« We should also be careful that we do not introduce more variables than equations.
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Another touch to the closure problem

* We just derived an equation for the turbulent kinetic energy.

* S0, using the turbulent kinetic energy, we can compute the turbulent kinematic viscosity in
the k — e and k — w turbulence models as follows,

k

Vg —

 Now we need to derive additional turbulent transport equation to properly close the system (our
closure problem).

* Inthis case, we need an equation for € or w.
« These are two equations models, which are probably the most widely used models.

« Have in mind that at the end of the day all equations must be rewritten in terms of mean
guantities.

« Let us revisit the standard k& — € turbulence model by Launder and Sharma [1].

- o i - ) i 68
[1] B. E. Launder, B. |. Sharma. Application of the Energy-Dissipation Model of Turbulence to the Calculation of Flow Near a Spinning Disc. Letters in Heat and Mass Transfer. 1974.



Another touch to the closure problem

« The solvable equations used in the standard k£ — € turbulence model [1] are the following
ones,

V-(a)=0
ou 1 2
8_1751 V-(au) = —-— (Vﬁ+§ka)+V [—(LH-M)Vﬁ]
Vik+V-(ak) =% Vﬁ—e+V-[(u+§—t)Vk]
k

- o i - ) i 69
[1] B. E. Launder, B. |. Sharma. Application of the Energy-Dissipation Model of Turbulence to the Calculation of Flow Near a Spinning Disc. Letters in Heat and Mass Transfer. 1974.



Another touch to the closure problem

The solvable equations of the standard k£ — € turbulence model are solved together with
the following closure coefficients [1],

C,=144 C.,=192 C,=009 o0,=10 o0.=1.3

And the following closure relationships,

I CMkS/Q

€ €

* No need to mention that different turbulent models will have different closure coefficients and
different closure relationships.

« Later, we will give a few remarks on the calibration of the closure coefficients.

* And as we studied during Lectures 2-4, the closure relationships are derived using dimensional
analysis.

« Remember, as this is an IVBP problem, you need to assign boundary and initial conditions to all
variables.

- o i - ) i 70
[1] B. E. Launder, B. |. Sharma. Application of the Energy-Dissipation Model of Turbulence to the Calculation of Flow Near a Spinning Disc. Letters in Heat and Mass Transfer. 1974.



Another touch to the closure problem

A naive CFD loop for turbulence modeling

» The first step consist in defining the boundary and initial
conditions of all variables. Including the variables related ( e e )
to the turbulence model.

* The loop will solve first the RANS/URANS NS equations. il
« Then, it will move to the next step, where it solves the N Update variables
equations of the turbulence model using the mean values
of the RANS/URANS NS equations.
\vd

* It will then compute the turbulent eddy viscosity. Solve RANS equations

* At this pOint, it will check the convergence. « Choose turbulence model
L. . . X i . * Add corrections to the

« Ifitis necessary, it will update the variables and it will do v urbulence model

another sweep. Solve turbulence variables » Choose discretization
i . e method

» To solve this problem, you can use any of the different + Adjust URF or time-step

numerical methods that we covered in the first lecture. J + Compute and correct
gradients
» Generally speaking, it is better to use pressure-based Compute turbulent eddy viscosity

methods.

* If you are conducting RANS simulations (steady
simulations) we recommend to use coupled methods.

NO.

Check convergence

« If coupled methods are not available, you can use any
segregated method (SIMPLE, SIMPLEC, PISO).

YES

* Instead, if you are conducting URANS simulations v
(unsteady simulations), we recommend to use the PISO C End iterative o time marching )
method or the fractional step method.
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Another touch to the closure problem

Summarizing:

By using the Reynolds decomposition and time-averaging the exact Navier-Stokes
equations, we can obtain the exact Navier-Stokes RANS/URANS equations.

The Reynolds stress tensor i appearing in the exact Navier-Stokes RANS/URANS
equations needs to be modeled.

« The most widely used approach is the Boussinesq approximation.

From the Boussinesq approximation a new variable emerges, namely, the turbulent
Viscosity [¢.

To compute the turbulent viscosity fi; , we need to use additional closure equations.

«  For example, we just illustrated the £ — ¢ model, which solves two additional
transport equations.

«  One for the turbulent kinetic energy k£ and one for the turbulent dissipation rate €.
All equations used must be expressed in terms of mean flow quantities.

That is, we need to remove the instantaneous fluctuations from the equations by using
proper engineering approximations. This is our closure problem.

The derivation of the equation for the turbulent viscosity is based on dimensional analysis.

Which does not tell much about the underlying physics of the relationships used, so we
need to be very critical when using turbulence models.

72



	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42
	Slide 43
	Slide 45
	Slide 48
	Slide 49
	Slide 50
	Slide 51
	Slide 52
	Slide 53
	Slide 54
	Slide 55
	Slide 56
	Slide 57
	Slide 58
	Slide 59
	Slide 60
	Slide 61
	Slide 62
	Slide 63
	Slide 64
	Slide 66
	Slide 67
	Slide 68
	Slide 69
	Slide 70
	Slide 71
	Slide 72

