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1 Introduction

Advection-diffusion equation is certainly a frequently studied PDE with important applications such as, e.g.,
modeling the dispersion of pollutants in air or water. Moreover, the goal could be not only to simulate dispersion
processes but also to control emissions with an active device and maximum efficiency [1, 2]. The present paper
concerns with the solution of such kind of issues, which involve an optimization problem with the following
features: derivation of optimality system, numerical resolution of governing PDEs and definition of a suitable
algorithm to implement the optimization. Each step of the general procedure is explained in section 2, while
some numerical tests are presented in section 3.

In the present study the following assumptions are made: monodimensional and unbounded domain, unsteady
state. Moreover, the particular case of source and control concentrated at single points is considered.

2 Method

2.1 Theoretical framework

2.1.1 State equation

The governing PDE of the model, which acts like a constraint in the optimization problem written as the state
equation, is:

F (C, q) = ∂C

∂t
+ ∂(U · C)

∂x
−D∂

2C

∂x2 − g − q = 0 (2.1)

with 0 < x < L and 0 < t < T and where C = C(x, t) is the concentration rate of a scalar quantity of interest,
U = U(x, t) is the velocity of the advective flow, D is the diffusivity coefficient, g = g(x, t) is the source term
and q = q(x, t) is the control one. U and g are known distributions, while C is obtained by solving the PDE;
optimal q (which minimizes the objective function, defined later) is computed with an iterative optimization
procedure. Boundary conditions are C(0, t) = C(L, t) = 0 in order to simulate an unbounded domain, while
initial condition is C(x, 0) = C0(x).
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2.1.2 Objective function

In the present study the goal is chosen to minimize the concentration rate at a point P while minimizing the
cost of the control, which is located at a point C. Hence, the objective function, using Dirac deltas, is defined
as:

J(C, q) = γ1

∞̂

−∞

C(x, T )δ(x− xP )dx+ 1
2γ2

T̂

0

∞̂

−∞

[q(x, t)]2dxdt

with the choice of q(x, t) = Q(t)δ(x− xC), as mentioned in the introduction, and where δ(x− x̄) =
{

1 x = x̄

0 x 6= x̄

,
´∞
−∞ f(x)δ(x− x̄)dx = f(x̄); thus we can rewrite the expression above as:

J(C, q) = γ1C(xP , T ) + 1
2γ2

T̂

0

[Q(t)]2dt

2.1.3 Optimality System

The Lagrangian is defined as:

L(C , q, a) = J −〈a, F 〉 − 〈b, C(x, 0)− C0〉 − 〈c, C(0, t)〉 − 〈d,C(L, t)〉

= γ1C(xP , T ) + 1
2γ2

T̂

0

[Q(t)]2dt−
T̂

0

∞̂

−∞

a(∂C
∂t

+ ∂(U · C)
∂x

−D∂
2C

∂x2 − g − q)dx dt+

−
ˆ ∞
−∞

b(C(x, 0)− C0)dx−
T̂

0

c C(0, t)dt−
T̂

0

d C(L, t)dt

where a = a(x, t), b = b(x),c = c(t),d = d(t) are the Lagrange multipliers.
Next step is to apply the stationarity condition on L. Thus, the following system is obtained:



δL
δa = 0 ⇒ F = 0 (state equation)
δL
δb = 0 ⇒ C(x, 0) = C0 (initial condition)
δL
δc = 0 ⇒ C(0, t) = 0 (boundary conditions)
δL
δd = 0 ⇒ C(L, t) = 0
δL
δC = 0 ⇒ ∂a

∂t + U ∂a
∂x +D ∂2a

∂x2 = 0 (adjoint equation)
a(x, T ) = γ1 (terminal condition)

δL
δq = 0 ⇒ q(xC , t) = −γ2 a(xC , t) (optimality condition)

2.2 Numerical methods and implementation

2.2.1 Discretization

State and adjoint equations are solved by discretization with finite difference method using an explicit, first
order in time and second order in space scheme (using central difference for advection term). Hence, for the
state equation it turns: ∂C

∂t ≈
Cn+1

i
−Cn

i

∆t ,∂
2C
∂x2 ≈ Ci+1−2Ci+Ci−1

(∆x)2 , ∂(U ·C)
∂x ≈ (U ·C)i+1−(U ·C)i−1

2∆x . Approximation of
2.1 is then:

Cn+1
i − Cni

∆t +
(U · C)ni+1 − (U · C)ni−1

2∆x −D
Cni+1 − 2Cni + Cni−1

(∆x)2 = gni + qni

Hence, the scheme is:
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Cn+1
i = Cni −∆t

(U · C)ni+1 − (U · C)ni−1
2∆x +D∆t

Cni+1 − 2Cni + Cni−1
(∆x)2 + ∆t gni + ∆t qni

= (β − λ

2U
n
i+1)Cni+1 + (1− 2β)Cni + (β + λ

2U
n
i−1)Cni−1 + ∆t gni + ∆t qni (2.2)

where λ = ∆t
∆x , β = D ∆t

(∆x)2 , and for i = 2, . . . ,M − 1, n = 1, . . . , N , where M is the number of nodes in
space and N is the number of nodes in time.

Equation 2.2 has to satisfy two conditions in order to have numerical stability, according to [3]:

σ2 ≤ 2β ≤ 1 (2.3)

where σ = max(U) · λ.

2.3 involves a limitation on the time step:

∆t ≤ min
(

2D
U2
max

,
(∆x)2

2D

)
Furthermore, stability check by calculation of eigenvalues is performed.

Each time step is solved looking at a vectorial form of 2.2, introducing the matrix V :

Cn+1 = V Cn + ∆t gn + ∆t qn

V =



1− 2β β − λ
2U

n
i+1 0 0 0

β + λ
2U

n
i−1

. . . . . . 0 0

0
. . . . . . . . . 0

0 0
. . . . . . β − λ

2U
n
i+1

0 0 0 β + λ
2U

n
i−1 1− 2β


The same approach has been chosen for solving the adjoint equation and the resulting scheme is similar:

an = V † an+1

V † =



1− 2β β + λ
2U

n
i 0 0 0

β − λ
2U

n
i

. . . . . . 0 0

0
. . . . . . . . . 0

0 0
. . . . . . β + λ

2U
n
i

0 0 0 β − λ
2U

n
i 1− 2β


2.2.2 Accuracy of the adjoint

Implementation is checked with the computation of the following error:

εadj = |aN ·CN − a1 ·C1 −
N−1∑
n=1

∆t an+1(gn + qn)| (2.4)

Comforting values of εadj (less than about 10−15) are found during computations.
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2.2.3 Iterative algorithm

The optimization technique is implemented with the following iterative scheme:

1. Initialization of all variables

2. Solution of state equation

3. Computation of objective function and relative error

4. Solution of adjoint equation and accuracy check of the adjoint

5. Computation of control (optimality condition)

6. If the desired tolerance has not been reached, repetition from step 2 with updated variables.

3 Numerical tests

Two examples are presented to test the developed method and to view at significant results.
It has to be recalled that for advection-diffusion model, the Peclét number has great importance, being defined
as Pe = UL

D . Large Pe indicates dominant advection.
For both cases, the assumed domain is x ∈ [0, 1] and D = 0.005, γ2 = 1 and a parametrization of the weight
coefficient γ1 is done. For simplicity, a constant advective field U(x, t) = U0, with U0 = 0.5 (and Pe = 100), is
assumed, even if the method works with any velocity distribution. Firstly, initial situation and stability check
are presented, then results of optimization are given.
Computations are made using Gnu Octave [4].

3.1 Dispersion of a spot

This case could be representative of the accidental dumping of a certain substance into air or water and a
consequent operating procedure aimed to minimize the concentration rate of the dispersed substance at a
specific point (e.g. a point that must be particularly preserved). For simulating this situation, g = 0 and an
initial profile of concentration is defined (see at fig. 3.1(a)).

Figure 3.1: Case 1 - dispersion of a spot: (a)Initial situation and location of points P and C. (b)Plot of eigenvalues of
companion matrix for stability check.
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Figure 3.2: Case 1 - dispersion of a spot: (a)Optimal control laws. (b)Concentration at point P.

3.2 Constant point source

In the second case we consider a point source (g(x, t) = G(t)δ(x− xS)), e.g. an industrial chimney, starting to
blow at the initial time and at a constant rate. Optimal control could be needed to limit the emissions of the
plant. Point C and point S are set as coincident. Actually, this case deals with a transient situation. No initial
concentration and constant advective field (with U0 = 0.5 and Pe = 100) are assumed for the test.

Figure 3.3: Case 2 - point source: (a)Initial situation and location of points P,C and S. (b)Plot of eigenvalues of
companion matrix for stability check.

4 Discussion

Optimality system for monodimensional unsteady advection-diffusion control problem, in the case of point
source and point control, has been derived and a suitable algorithm, numerical methods and relative stability
test have been presented. Computations have been also verified by checking errors on the adjoint identity 2.4.
Two numerical examples have been presented, besides applicability is certainly wider. The resulting method
could be useful for forecasting particular situations in environmental scenarios like dispersion of pollutants.
A remark must be done on the convergence of iterations, which has been seen, in some not presented cases,
not always successful; further analyses could be therefore developed for this particular issue. Anyway, the
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Figure 3.4: Case 2 - point source: (a)Optimal control laws. (b)Concentration at point P.

developed code can be applied to different situations by adjusting variables, especially the weight coefficients in
the objective function.
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