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A B S T R A C T

Accurate analysis of conjugate heat transfer (CHT) is of primary importance in many engineering applications
and biological flows where it is crucial to implement a reliable model that couples thermal conduction in
the solid boundary with convection in the fluid. CHT simulations entail higher computational costs to well
resolve the smooth/rough solid layers and to generate high-quality meshes for complex finite-thickness wall
geometries. This work adopts upscaled boundary conditions capable of modeling the heat transfer at a fraction
of the cost of the full conjugate-forced-convection analysis. The effective velocity and temperature conditions
are applied to pressure-driven, developing flows through ducts with different types of wall roughness down to
the smooth limit. The results are compared against fully resolving CHT simulations, and the good agreement
demonstrates suitability of the macroscopic approach as a cheaper alternative. The model is finally applied to
the flow within the human nose, where CHT is mandatory because of the physiological importance of thermal
exchange processes. Despite the simplifying assumptions made to the physics in this case, the results obtained
are fairly encouraging for future use of the model, possibly with relevant adjustments and extensions, in typical
biomedical contributions.
1. Introduction

Conjugate heat transfer (CHT) is of primary importance in many
engineering applications spanning from efficient heat transfer in heat
exchangers to insulation for energy-saving systems or for electrical
cooling devices. It consists of coupled heat transfer processes taking
place simultaneously in two domains having a shared boundary, i.e.,
the solid/fluid interface; the heat transfer regimes incorporated are,
thus, the thermal conduction through the solid layer and the convective
heat transfer to the working fluid [1]. When the solid is thin, compared
to the characteristic length of the fluid domain, and the thermal con-
ductivity ratio between the solid and the fluid is large, as in the case
of metal and air, the temperature at the solid/fluid interface is roughly
equal to that at the base surface of the solid layer. On the other hand,
when the thermal conductivity ratio is moderate, at most one or two
orders of magnitude, the interface temperature could have substantial
variations. Such a scenario is encountered, for instance, considering
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the air motion in the human upper airways, trachea, and lungs and
the blood flow in the thin vessels throughout the human body. The
solid in these cases is represented by the mucosa, human tissue, and
endothelial cells for which the thermal conductivity is roughly that
of water. Bypassing the analysis of thermal conduction in the solid
domain by assuming a simple boundary condition at the solid/fluid
interface, such as a uniform temperature, is advantageous in terms of
the computational cost since this allows us to focus on convective heat
transfer in the fluid as a decoupled problem. Nonetheless, performing a
CHT analysis of a thermal system is indispensable whenever the level of
accuracy of the predictions is crucial and/or a detailed understanding
of the physical phenomena is sought. This applies to a large number of
industrial activities [2–4] as well as biological applications [5,6]. Up-
scaling approaches constitute an easier alternative to the conventional
full feature-resolving simulations when hierarchical flow problems are
numerically analyzed. The hydrodynamic/thermal interaction between
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a fluid and a perturbed boundary is a typical example in which up-
caling can be viable, provided that the characteristic length scale of
he surface texture (𝓁) is sufficiently smaller than that of the large-
cale flow structures (). The multiscale homogenization technique,
mployed in this paper, yields homogeneous macroscopic parameters
such as the Navier-slip length and the thermal-slip coefficient) which
eplace the rapidly varying properties related to the heterogeneous
icrostructure of the physical surface which can be, inter alia, cor-

ugated, rough, or permeable [7–9]. The upscaled parameters can be
evaluated by solving derived auxiliary systems of partial differential
equations that govern the distributions of closure variables in a mi-
roscopic unit cell [10–14]. The estimated model coefficients directly

contribute to effective boundary conditions at a virtual plane interface
next to the rough boundary; this allows us to study the macroscale
problem beyond the fictitious interface chosen (for example, the one
passing through the crests of the roughness elements) and, hence,
to eschew the numerical resolution of the fully-featured fields be-
tween/through/close to the surface corrugations/protrusions, a clear
advantage when reasonable accuracy at a reduced computational cost is
a priority. In recent years, the development of robust homogenization-
based models has been the subject of several investigations. In respect
of hierarchical conjugate heat transfer problems, Ahmed et al. [13] and

hmed and Tanda [14] studied conjugate natural convection along a
eated vertical wall regularly roughened with ribs having finite values

of the thermal conductivity (in addition to perfectly conductive or
adiabatic elements as the two limiting situations); effective velocity
and temperature boundary conditions at the microscopic/macroscopic
interface were formulated, implemented and successfully validated for
several surface textures and thermal conditions.

The CHT-related problem of nasal airflow is one of the cases of
nterest in this work. Besides transferring air from the environment to
he lungs, the human nose performs many functions related to airflow

conditioning; its inner geometry maximizes the surface-to-volume ratio
for cleaning, moisturizing, and regulating the warming and cooling of
the air. The regimes involved in thermal regulation are the conductive
heat transfer in the stationary mucous layer bounding the internal
air passage, the heat transfer by forced convection to the air, and
he latent heat whose effect pertains to the moisturizing function of
he nose [15–18]. The thermal conductivity of the mucous layer is

similar to that of water, which renders the mucous-layer-to-air thermal
conductivity ratio moderate. This may necessitate a full CHT analysis
towards a higher fidelity of the temperature distribution and the heat
transfer rate, instead of imposing a Dirichlet, or Neumann, boundary
condition of the temperature at the mucus/air interface. Nonetheless,
by surveying the existing literature [16,19–22] on this topic, it can be
ound that the latter simplified approach is enforced in several CFD
imulations with a constant mucosal temperature whose value differs

from one study to another within a typical range of 305.8 K–307.2
. The higher accuracy guaranteed by the fine-grained simulations
omes at a price: the computational requirements are more expensive
ince (i) the stationary layer is to be considered and properly meshed
or an accurate numerical solution of Laplace equation governing the
patial distribution of the temperature through it, (ii) a coupling should
e performed at the interface between the two sub-domains at each
teration so that the temperature and the heat flux are matched. The
nterested reader can refer to [23] for additional information on applied

and theoretical aspects of conjugate heat transfer. In addition, pre-
processing the full domain in this case can be a very challenging
undertaking: the geometric complexity of the upper airways causes
issues when the thin solid domain (representing the mucous layer) is
added, since self-intersections can occur. As a consequence, it is often
necessary to simplify the original geometry, thereby losing details, in
order to obtain numerically stable and converged solutions. Finally,
it is worth highlighting that one needs to handle a number of issues
related to the data acquired from the original computed tomography

(CT) scan such as resolution, smoothing, definition of the solid surface,

2 
etc. In this scenario, providing accurate boundary conditions able to
mimic the presence of the stationary layer can be a very efficient prac-
tice. The work first examines the application of effective velocity and
temperature boundary conditions to hydrodynamically and thermally
developing, pressure-driven flows through channels bounded by rib-
roughened heated walls, and up to our best knowledge this is the first
contribution that considers this scenario with homogenization. Second,
we introduce a simplified version of the model for the limiting case of a
smooth channel (possibly wavy) with a preferential thermal conduction
path, and apply it to the flow in several ducts to evaluate the effect of
wall curvature, convergence/divergence, and laminar/turbulent condi-
tions. Subsequently, we examine its applicability in the case of CHT in
nasal airflow. It is important to point out that the latent heat related
to moisturizing in the nose is not modeled since we are focusing the
analysis on the conductive–convective heat transfer problem. Hence,
we do not claim that the results shown here for the nasal airflow
represent a complete biomedical contribution, yet they demonstrate
the potentiality of the macroscopic model as a cheaper alternative to
the full CHT analysis and encourage for future use of the approach,
possibly with more physics incorporated. (Note: the work on a new
model that incorporates latent heat and humidity is ongoing.) The
paper is structured as follows. In Section 2, the physical problem is
escribed, the underpinning of the upscaling approach is outlined, and

the effective boundary conditions as well as the closure problems are
stated. In Section 3, the homogenization-based numerical simulations
are validated against full feature-resolving ones for the conjugate forced
convection associated with developing flows in simple ducts, channels
with rough boundaries, and complex channels with a preferential heat
ransfer path such as the case of the human nose. Discussion and

conclusions are provided in Sections 4 and 5, respectively.

2. Problem definition and homogenization procedure

2.1. The fully resolving numerical simulations

The complex hydrodynamic and thermal interaction between a fluid
flowing in a channel (externally forced in 𝑥̂) and the periodically
textured/corrugated delimiting boundaries is considered, as illustrated
in Fig. 1(a). The conjugate heat transfer problem, including thermal
conduction in the stationary boundaries and heat transfer by forced
convection to the fluid phase, is numerically analyzed. The dimensional
mass, momentum, and energy conservation equations governing the
teady, incompressible, Newtonian flow at any point (𝑥̂1, 𝑥̂2, 𝑥̂3) =
(𝑥̂, 𝑦̂, 𝑧̂) in the fluid domain (𝛽) are, respectively,
𝜕 ̂𝑢𝑖
𝜕 ̂𝑥𝑖

= 0, (1)

𝜌 ̂𝑢𝑗
𝜕 ̂𝑢𝑖
𝜕 ̂𝑥𝑗

= − 𝜕𝑃
𝜕 ̂𝑥𝑖

+ 𝜇
𝜕2𝑢̂𝑖
𝜕 ̂𝑥2𝑗

, (2)

̂𝑗
𝜕𝑇̂
𝜕 ̂𝑥𝑗

=
( 𝑘𝑓
𝜌𝑐𝑝

)

𝜕2𝑇̂
𝜕 ̂𝑥2𝑗

, (3)

with 𝐮̂ the velocity vector, 𝑃 the pressure and 𝑇̂ the temperature. The
fluid properties, i.e., the density 𝜌, the dynamic viscosity 𝜇, the thermal
conductivity 𝑘𝑓 , and the specific heat 𝑐𝑝, are assumed constant, neglect-
ing variations in their values with temperature along and across the
hannel. Moving to the solid bounding layers (𝜎), the steady thermal

conduction is governed by the following Laplace’s equation describing
patial variations of the temperature ̂ :

𝜕2̂
𝜕 ̂𝑥2𝑗

= 0. (4)

A uniform, prescribed temperature ̂𝐶 is imposed at the outer surfaces
(𝐶 ) of the bounding plates, i.e., at 𝑥̂2 = −𝑒 (for lower layer) and
̂2 = ℎ + 𝐻 + ℎ′ + 𝑒′ (for upper layer), while the side surfaces of the
plates orthogonal to 𝑥̂ = 𝑥̂ (those located at the channel inlet/outlet
1
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Fig. 1. Sketch of the problem under consideration. The plane interfaces delimited by dashed lines constitute the virtual boundaries where effective conditions are
to be enforced.
𝑥

𝑢

𝑢

and indicated hereafter as 𝑎𝑑) are assumed adiabatic. Continuity of
temperature and heat flux is defined along the solid–fluid interfaces
(𝜎 𝛽). The aforementioned boundary conditions can be expressed as
follows:
⎧

⎪

⎪

⎨

⎪

⎪

⎩

̂ = ̂𝐶 at 𝐶 ,
𝜕̂
𝜕 ̂𝑥1

= 0 at 𝑎𝑑 ,

𝑇̂ = ̂ , 𝜕𝑇̂
𝜕 ̂𝑛 = 𝜅 𝜕̂

𝜕 ̂𝑛 at 𝜎 𝛽 ,
(5)

with 𝜅 =
𝑘𝑠
𝑘𝑓

the solid-to-fluid thermal conductivity ratio and 𝑛̂ the

dimensional distance in the direction normal to 𝜎 𝛽 at any point. In
addition, the fluid is assumed to enter the channel at a uniform velocity
̂1
|

|

|𝑥̂1=0
= 𝑢̂𝑖𝑛𝑙 𝑒𝑡 and temperature 𝑇̂ ||

|𝑥̂1=0
= 𝑇̂𝑖𝑛𝑙 𝑒𝑡, and a no-slip velocity

boundary condition is enforced at 𝜎 𝛽 , while the static pressure is set
to zero at the outlet. The fields are periodic in the spanwise direction,
̂3 = 𝑧̂.

2.2. The homogenization-based upscaling

The fine-grained analysis described above is capable of resolving the
fully-featured fields in the fluid and the solid domains; however, when
the macroscale behavior of channel flow is of particular interest, it is
advantageous from the computational point of view to implement an
upscaling approach that mimics the presence of the rough walls via the
application of effective velocity and temperature boundary conditions
at fictitious plane interfaces next to the physical boundaries. In the
present work, we adopt a multiscale homogenization approach similar
to that derived, validated, and upgraded in [12–14], except that forced,
instead of natural, convection is considered here, and therefore the
buoyancy has no contribution to the problem. In the homogenization-
based simulations, the macroscopic variables (𝑢̈𝑖, 𝑃 , 𝑇̈ ) are targeted
through the fluid domain bounded by the virtual interfaces; these
fields correspond, if accurately evaluated, to the running averages (⟨𝑢̂𝑖⟩,
⟨𝑃 ⟩, ⟨𝑇̂ ⟩) of the fully-featured variables resolved in the fine-grained
simulations (𝑢̂𝑖, 𝑃 , 𝑇̂ ). By considering the case of a wall roughened
with protrusions of pitch distances 𝓁 and 𝓁 (refer to Fig. 1(a)) as a
𝑥 𝑧

3 
representative example, one can define the running-average tempera-
ture at a point 𝛹 ∶ (𝑥̂𝜓 , 𝑦̂𝜓 , ̂𝑧𝜓 ), located in the fluid domain beyond the
roughness layer, by averaging the fully-resolved field over a rectangular
̂ − 𝑧̂ region of dimensions 𝓁𝑥 × 𝓁𝑧, whose center is the point 𝛹 , as
follows:

⟨𝑇 ⟩||
|𝑥̂𝜓 , ̂𝑦𝜓 , ̂𝑧𝜓 = 1

𝓁𝑥 × 𝓁𝑧 ∫

𝑥̂𝜓+𝓁𝑥∕2

𝑥̂𝜓−𝓁𝑥∕2
∫

𝑧̂𝜓+𝓁𝑧∕2

𝑧̂𝜓−𝓁𝑧∕2
𝑇̂ (𝑥̂𝜓 , 𝑦̂𝜓 , ̂𝑧𝜓 ) 𝑑 ̂𝑧 𝑑 ̂𝑥 ≈ 𝑇̈ ||

|𝑥̂𝜓 , ̂𝑦𝜓 , ̂𝑧𝜓 ,

(6)

and likewise for the velocity and pressure. While the typical interaction
between the forced flow and the roughness elements is generally three-
dimensional, and the fully-resolved velocity field is three-directional
(taking into account spanwise deflection of the streamlines around
the protrusions), the problem can be considered two-dimensional from
the macroscopic point of view, including development of the viscous
and thermal boundary layers along the streamwise direction, 𝑥̂1, and
variations of the fields in the wall-normal direction, 𝑥̂2. Moreover, the
macroscopic (averaged) spanwise velocity component, 𝑢̈3 = 0, is ex-
pected to vanish, provided that the microscopic pattern of the textured
boundaries has no preferential orientation relative to the direction of
the external forcing, as in the case sketched in Fig. 1, or preferen-
tially oriented at an angle of either 0 or 90 degrees, as in the case
of streamwise-elongated (longitudinal) or spanwise-elongated (trans-
verse) roughness elements; the reader is encouraged to refer to [24,25]
for further discussions/elaboration. In view of the above-mentioned
simplifications, it is sufficient to run the homogenization-based simula-
tion over a two-dimensional (𝑥̂1− 𝑥̂2) plane through which the fields 𝑢̈1,
̈2, and 𝑇̈ are to be evaluated. The spatial variations of these variables
are governed by

𝜕 ̈𝑢𝑖
𝜕 ̂𝑥𝑖

= 0, (7)

𝜌 ̈𝑢𝑗
𝜕 ̈𝑢𝑖
𝜕 ̂𝑥𝑗

= − 𝜕𝑃
𝜕 ̂𝑥𝑖

+ 𝜇
𝜕2𝑢̈𝑖
𝜕 ̂𝑥2𝑗

, (8)

̈𝑗
𝜕𝑇̈
𝜕 ̂𝑥 =

( 𝑘𝑓
𝜌𝑐

)

𝜕2𝑇̈
2
, (9)
𝑗 𝑝 𝜕 ̂𝑥𝑗
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subject to effective boundary conditions of 𝑢̈1, 𝑢̈2, and 𝑇̈ along the virtual
interfaces, chosen here at 𝑥̂2 = ℎ and 𝑥̂2 = ℎ+𝐻 , i.e., the planes passing
by the tips/crests of the protrusions. These upscaled conditions are
already available in the literature (with simple adjustment) via appli-
cation of the asymptotic homogenization [13,14], and their validity is
contingent on the presence of well-separated length scales (for instance,
the pitch distance of the roughness pattern, 𝓁, as a microscopic length
scale and the channel height, 𝐻 , as a macroscopic length scale), such
that a small parameter, 𝜖 = 𝓁∕𝐻 ≪ 1, can be defined. Under steady
low conditions, we neglect the transpiration velocity at the fictitious

interfaces by setting 𝑢̈2
|

|

|𝑥̂2=ℎ
and 𝑢̈2

|

|

|𝑥̂2=ℎ+𝐻
to zero, while the following

boundary conditions of 𝑢̈1 and 𝑇̈ , second-order accurate in terms of 𝜖,
re imposed:

𝑢̈1
|

|

|

|𝑥̂2=ℎ
≈ 𝛬(𝑏)

𝑥
𝜕 ̈𝑢1
𝜕 ̂𝑥2

|

|

|

|𝑥̂2=ℎ
+
𝑀 (𝑏)

12
𝜇

𝜕
𝜕 ̂𝑥1

(

−𝑃 + 2𝜇 𝜕 ̈𝑢2
𝜕 ̂𝑥2

)|

|

|

|

|

|𝑥̂2=ℎ

, (10)

𝑇̈
|

|

|

|𝑥̂2=ℎ
≈ ̂𝐶 + 𝛬(𝑏)

𝜃
𝜕𝑇̈
𝜕 ̂𝑥2

|

|

|

|𝑥̂2=ℎ
, (11)

and for the top interface,

𝑢̈1
|

|

|

|𝑥̂2=ℎ+𝐻
≈ −𝛬(𝑡)

𝑥
𝜕 ̈𝑢1
𝜕 ̂𝑥2

|

|

|

|𝑥̂2=ℎ+𝐻
+
𝑀 (𝑡)

12
𝜇

𝜕
𝜕 ̂𝑥1

(

−𝑃 + 2𝜇 𝜕 ̈𝑢2
𝜕 ̂𝑥2

)|

|

|

|

|

|𝑥̂2=ℎ+𝐻

, (12)

𝑇̈
|

|

|

|𝑥̂2=ℎ+𝐻
≈ ̂𝐶 − 𝛬(𝑡)

𝜃
𝜕𝑇̈
𝜕 ̂𝑥2

|

|

|

|𝑥̂2=ℎ+𝐻
, (13)

where the model parameters 𝛬𝑥, 𝛬𝜃 , and 𝑀12 are the dimensional
avier-slip, thermal-slip, and interface permeability coefficients, re-

pectively, and they are defined for the bottom (superscript b) and
op (superscript t) boundaries. These upscaled coefficients correspond
o the product of their dimensionless counterparts (𝜆𝑥, 𝜆𝜃 , and 𝑚12)
imes either a length (for the slip parameters) or a surface area (for
he interface permeability) as follows:

𝛬(𝑏)
𝑥 = 𝜆(𝑏)𝑥 𝓁𝑥, 𝛬(𝑏)

𝜃 = 𝜆(𝑏)𝜃 𝓁𝑥, 𝑀 (𝑏)
12 = 𝑚(𝑏)

12 𝓁
2
𝑥, (14)

𝛬(𝑡)
𝑥 = 𝜆(𝑡)𝑥 𝓁′

𝑥, 𝛬(𝑡)
𝜃 = 𝜆(𝑡)𝜃 𝓁′

𝑥, 𝑀 (𝑡)
12 = 𝑚(𝑡)

12 𝓁
′2
𝑥, (15)

taking into account that, in this formulation, the pitch distances 𝓁𝑥
nd 𝓁′

𝑥 (indicated in Fig. 1) are chosen as the microscopic length
scales of the bottom and the top walls, respectively. It is important to
ighlight that the homogenization-based model is free of any empirical

parameters since the dimensionless macroscopic coefficients of interest
can be evaluated by solving ad hoc auxiliary problems governing the
distribution of closure variables over an elementary cell, representative
of the microscopic domain, with the dimensions normalized by the
microscopic length scale as sketched in Fig. 1(b). The dimensionless
microscopic coordinates 𝑥𝑖 = 𝑥̂𝑖∕𝓁𝑥 are thus defined at the bottom

all, and likewise for the top surface except that 𝓁′
𝑥 is to be used

or normalization and the vertical coordinate is to be reversed such
that it points away from the wall. In particular, it is sufficient at
each boundary to solve one Stokes-like and one Laplace-like systems
governing the auxiliary variables (𝑢†𝑖 , 𝑝†) and (𝜃†, 𝜙†), respectively, in
order to evaluate 𝜆𝑥 and 𝑚12 (based on 𝑢†1) and 𝜆𝜃 (based on 𝜃†). Such
closure problems read

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜕𝑖𝑢
†
𝑖 = 0 in f luid domain (𝛽),

−𝜕𝑖𝑝† + 𝜕2𝑗 𝑢
†
𝑖 = 0 in f luid domain (𝛽),

−𝑝†𝛿𝑖2 + 𝜕2𝑢
†
𝑖 + 𝜕𝑖𝑢

†
2 = 𝛿𝑖1 at 𝑦 = 𝑦∞,

𝑢†𝑖 = 0 at 𝜎 𝛽 ,
(16)

and

⎧

⎪

⎪

⎨

⎪

⎪

𝜕2𝑖 𝜃
† = 0 in f luid domain (𝛽),

𝜕2𝑖 𝜙
† = 0 in solid domain (𝜎),

𝜕2𝜃† = 1 at 𝑦 = 𝑦∞,
𝜃† = 𝜙†, 𝜕 𝜃†

𝜕 𝑛 = 𝜅 𝜕 𝜙†
𝜕 𝑛 at 𝜎 𝛽 ,

†

(17)
⎩ 𝜙 = 0 at 𝐶 ,

4 
plus periodicity of all the dependent variables in the 𝑥 and 𝑧 directions.
The operators used above are defined as 𝜕𝑖 =

𝜕
𝜕 𝑥𝑖

and 𝜕2𝑖 = 𝜕2

𝜕 𝑥2𝑖
. The

asic derivation requires that the closure problems are to be solved in
 microscopic unit cell with the matching interface, at 𝑦 = 𝑦∞, set
ufficiently far from the wall (for instance, 𝑦∞ ≈ 5). However, the
pscaled coefficients for a matching interface of choice at 𝑦∞ = ℎ∕𝓁𝑥
i.e., the plane of crests) can be estimated directly from the following

averaging operations:

𝜆𝑥 = 1
𝑥𝑧 ∫0

𝑢†1 𝑑 𝐴, 𝑚12 =
1

𝑥𝑧 ∫0
𝑢†1 𝑑 𝑉 , (18)

𝜆𝜃 =
1

𝑥𝑧 ∫0
𝜃† 𝑑 𝐴, (19)

where 0 and 0 are, respectively, the virtual surface at and the fluid
volume below the plane 𝑦 = ℎ∕𝓁𝑥, and 𝑥𝑧 is the normalized area of
an 𝑥 − 𝑧 cross section of the unit cell (𝑥𝑧 = 1 × 𝓁𝑧

𝓁𝑥
). Clearly, the

ystems (16) and (17), together with the relations (18) and (19), render
the coefficients 𝜆𝑥 and 𝑚12 dependent merely on the geometric details
of the wall texture, whereas the thermal-slip coefficient 𝜆𝜃 depends,
in addition, on the solid-to-fluid thermal conductivity ratio, 𝜅. Values
of these parameters are available in Refs. [12,13,25,26] for rough
boundaries of different geometric/thermal characteristics.

2.3. The smooth-channel limiting case

For the limiting case of a channel flow bounded by a smooth wall
f finite thickness, 𝑒, and finite value of thermal conductivity, 𝑘𝑠, we

can find analytical solutions for the closure variables 𝑢†1 and 𝜃† from
the auxiliary systems (16) and (17), respectively, and thus to directly
evaluate the macroscopic coefficients 𝜆𝑥, 𝑚12, and 𝜆𝜃 which contribute
to the effective boundary conditions at the smooth boundary of the
channel. This is possible since, in the absence of surface protrusions,
the closure fields are all uniform in the streamwise (𝑥) and spanwise
(𝑧) directions; the problems governing the distributions of 𝑢†1 and 𝜃† in
a microscopic unit cell (Fig. 1(c)) now read

⎧

⎪

⎨

⎪

⎩

𝜕22𝑢
†
1 = 0 in 𝛽

𝜕2𝑢
†
1 = 1 at 𝑦 = 𝑦∞

𝑢†1 = 0 at 𝜎 𝛽 (𝑦 = 0)
,

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜕22𝜃
† = 0 in 𝛽

𝜕22𝜙
† = 0 in 𝜎

𝜕2𝜃† = 1 at 𝑦 = 𝑦∞
𝜃† = 𝜙†, 𝜕2𝜃† = 𝜅 𝜕2𝜙† at 𝜎 𝛽 (𝑦 = 0)
𝜙† = 0 at 𝐶 (𝑦 = −𝑒∕𝓁)

.

(20)

Integrating the governing equations twice and evaluating the integra-
tion constants via application of the boundary conditions, we find the
ollowing closed-form solutions in the fluid domain 𝛽:

𝑢†1 = 𝑦, 𝜃† = 𝑦 + 𝑒
𝓁 × 𝜅

. (21)

Hence, the macroscopic coefficients for the smooth interface at 𝑦 = 0
are

𝜆𝑥, 𝑚12 = 0, 𝜆𝜃 =
𝑒

𝓁 × 𝜅
. (22)

and their dimensional counterparts are

𝛬𝑥, 𝑀12 = 0, 𝛬𝜃 =
𝑒
𝜅
, (23)

which means that, for the smooth, impermeable boundary, the no-slip
velocity boundary condition is retrieved (which is clear a priori), while
he following Robin boundary condition arises:

𝑇̈
|

|

|

|𝑛̂=0
≈ ̂𝐶 + 𝑒

𝜅
× 𝜕𝑇̈
𝜕 ̂𝑛

|

|

|

|𝑛̂=0
. (24)

Thus, the temperature at the inner surface of the wall 𝑇̈ ||
|𝑛̂=0

(that is,
the surface exposed to the working fluid) deviates from the reference

̂
uniform value 𝐶 imposed at the outer surface by a thermal slip whose
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amount depends on the wall thickness (e), the solid-to-fluid thermal
conductivity ratio (𝜅), and the normal temperature gradient at the
inner surface. The dimensional distance 𝑛̂ is defined along the direction
normal to the solid–fluid interface in such a way that 𝑛̂ increases while
moving towards the fluid. In other words, if the condition is to be im-
posed at the lower (respectively upper) smooth wall, 𝜕𝑇̈

𝜕 ̂𝑛 coincides with
𝜕𝑇̈
𝜕 ̂𝑥2 (respectively − 𝜕𝑇̈

𝜕 ̂𝑥2 ) at the boundary, according to the coordinate
system adopted in Fig. 1. The following notes on the previous equation

erit attention.

i. Condition (24) applies in the absence of roughness elements on
the surface of interest, and therefore there is no longer a specific
given value for the pitch distance since the smooth surface
repeats itself at any chosen distance 𝓁. A vanishingly small value
𝓁 → 0 can be taken such that the averaged temperature 𝑇̈
coincides with the local temperature 𝑇̂ , and thus the model
predictions can be compared directly to the results of the fully
resolving simulations, i.e., without applying spatial averaging to
the latter. The local version of (24) is

𝑇̂
|

|

|

|𝑛̂=0
≈ ̂𝐶 + 𝑒

𝜅
× 𝜕𝑇̂
𝜕 ̂𝑛

|

|

|

|

|𝑛̂=0
. (25)

Although this approach is conceptually different from upscaling-
based modeling (since no averaging is included now), we will
nominally refer to the Robin boundary condition (25) as an
effective condition, only in the sense that it is the limiting
scenario of the effective model.

ii. If thermal conduction in the solid is one-directional, specifically
across the thickness, condition (25) can be obtained, alterna-
tively, by considering the fundamentals of heat transfer in the
solid layer and at the solid–fluid interface (𝑛̂ = 0). In this case,
the temperature ̂ in the solid layer exhibits a linear distribution
(and thus a constant gradient) along the thickness, leading to
𝜕̂
𝜕 ̂𝑛

|

|

|𝑛̂=0
= (̂ |𝑛̂=0 − ̂𝐶 )∕𝑒. By applying the continuity of heat

flux and temperature at 𝑛̂ = 0 (respectively, 𝜕𝑇̂
𝜕 ̂𝑛
|

|

|𝑛̂=0
= 𝜅 𝜕̂𝜕 ̂𝑛

|

|

|𝑛̂=0
and 𝑇̂ |𝑛̂=0 = ̂ |𝑛̂=0), the Robin boundary condition (25) can be
eventually obtained.

iii. The previous point clarifies that condition (25) is valid when
the normal direction is the preferential heat transfer path in
the solid. One approach could be to judge validity based on
smallness of the ratio between the wall thickness (𝑒) and a
macroscale longitudinal distance (for example, 𝑡ℎ) over which a
relatively significant temperature change takes place along the
fluid-exposed surface of the boundary. The numerical analysis
performed in this paper investigates accuracy simply by examin-
ing increasing values of 𝑒 for given flow/channel configurations.

iv. It is worth anticipating that condition (25) will also be employed
in the case of curved/undulating walls, for which the wall-
normal direction (along which 𝑛̂ is measured) varies from one
point to another following the surface profile. When the surface
is no longer flat, the validity of (25) is (in addition to what is
mentioned in the previous point) contingent on the smallness
of the ratio (𝛤 ) between the wall thickness (𝑒) and the radius of
curvature of the wall (𝑅, for example, average of the radii of the
inner and outer surfaces of the wall of interest). In other words,
for sufficiently small values of 𝛤 = 𝑒∕𝑅 the curvilinear lengths
of the inner and outer surfaces of the stationary wall can be
assumed to be equal, and the boundary can thus be considered
as flat. Again, increasing values of the thickness can be examined
for a given configuration in order to monitor the deterioration
of the model accuracy. In fact, a general condition (i.e., even for
large 𝛤 ) that is valid for one-directional conduction across the
thickness of known-curvature walls can be derived following the
same lines given above in point (iii), where the only difference
lies in the definition of 𝜕̂ | (for example, refer to section
𝜕 ̂𝑛 |

|𝑛̂=0
T

5 
3.3.1 of Incorpera, DeWitt, Bergman and Lavine (2006) for the
classical derivation of temperature distribution in a circular
ring). However, we will use (25) in this work, keeping in mind
its limitations, since we look forward to eventually applying
the model to complex three-dimensional configurations like the
nasal airflow, where acquiring the radii of curvature throughout
the domain is a demanding undertaking.

3. Results

The main objective is to assess the ability of the homogenization-
based effective boundary conditions, derived in Sections 2.2 and 2.3,
to simplify the numerical analysis of conjugate forced convection in
channels with different geometries of the bounding walls. In pursuit
of validation, the temperature behaviors obtained through the ho-
mogenized model are compared against the results of classical fully
resolving simulations considering different two-dimensional surface
configurations before moving to the complex three-dimensional case
of the human nasal airways. In all the problems investigated, we fix
the properties of the flowing air 𝜌 = 1.293 k g

m3
, 𝜇 = 1.8 × 10−5 k g

m s ,

𝑘𝑓 = 0.026 W
m K , and 𝑐𝑝 = 1004.9 J

k g K , the inlet temperature 𝑇̂𝑖𝑛𝑙 𝑒𝑡 =
80 K, and the temperature at the outer surfaces of the bounding plates
̂
𝐶 = 310 K (from now on it will be indicated as the base temperature
𝐶 = 𝑇̂𝑏𝑎𝑠𝑒 = 310 K), whereas the inlet velocity 𝑢̂𝑖𝑛𝑙 𝑒𝑡 and the thermal
onductivity of the stationary bounding layers 𝑘𝑠 are varied from one

simulation to another. Simulations are performed for both laminar and
turbulent channel flows. In the latter, the steady Reynolds-averaged
Navier–Stokes (RANS) method is used, implementing the realizable
𝑘 − 𝜖 turbulence model, which guarantees high-quality modeling both
away from and close to the wall. The choice of this turbulence model
instead of the more widespread 𝑘-𝜔 [27] resides in the fact that it
showed a higher stability and convergence rate in our simulations.
The software employed for mesh generation and numerical simulation
are Simcenter STAR-CCM+ 2302 (version 18.02.008-R8), for the cases
in Sections 3.1 and 3.3.1, and OpenFOAM (version 10), for those in
Sections 3.2 and 3.3.2. All the discretization schemes used are at least of
second-order accuracy. For all the cases examined, the appropriateness
of the mesh is confirmed by checking the available metrics, seeking
for example sufficiently low values of non-orthogonality and skewness.
Moreover, sample simulations are considered to check that the mesh
is fine enough, especially near the channel boundaries, to guarantee
hat the conclusions are not affected by grid-resolution-related uncer-
ainties. Special attention is directed to the turbulent airflow in the
ose: the mesh is generated starting from a structured background with
exahedral cells of 0.5 mm edges, and then refinement is performed
lose to the walls reaching a size of 0.125 mm. Although it is non-trivial
o assess the adequacy of proper mesh resolution in such a complex,
on-planar geometry like the nasal airways, our near-wall mesh is fine
nough to satisfy an average value of 𝑦+ around 0.5.

3.1. Conjugate heat transfer in rough channels

Two-dimensional symmetric channels delimited by rough walls of
four different textures are examined. The geometric details of the
wall patterns are shown in Fig. 2. For each surface, the auxiliary
ystems (16) and (17) are solved over a periodic unit cell representative

of the microscopic region to evaluate the closure fields 𝑢†1 and 𝜃†,
respectively; the integral/averaging relationships (18) and (19) are
subsequently used to calculate the macroscopic coefficients 𝜆𝑥, 𝑚12,
and 𝜆𝜃 contributing to the effective velocity and temperature boundary
conditions (10)–(13) at the fictitious interfaces passing by the crests
f the protrusions. Solutions of the closure problems are provided in

Fig. 3, taking the narrow triangle element as a representative example.
he values obtained for the model coefficients are given in Table 1,
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Fig. 2. Rough channel geometry and unit cells description. In (A) the dimensions of the domain are provided, and it is presented with the semicircular roughness
elements. The dashed red line represents the fictitious matching interface where the homogenized boundary condition is applied. Full features and homogenized
simulations are performed for four roughnesses. The geometries of the protrusions are: (SC) semicircular, (TP) trapezium, (WT) wide triangle and (NT) narrow
triangle. All the unit cells are provided with dimensions.
Fig. 3. Contours of the closure variables (a) 𝑢†1 and (b) 𝜃† and 𝜙† for the case of a surface roughened with two-dimensional elements of triangular cross-section; cf.
panel (NT) in Fig. 2. The geometry is sketched in dimensionless microscopic coordinates, with the pitch distance of the triangles used as a scale for normalization.
Close-ups of the contours near the wall are displayed, while the typical unit cell considered in the simulations extends to 𝑦 ≈ 5.
Table 1
Dimensionless homogenized coefficients for the four wall textures sketched
in Fig. 2. While 𝜆𝑥 and 𝑚12 are purely geometry-dependent, the thermal-slip
coefficient 𝜆𝜃 is also sensitive to the thermal conductivity ratio 𝜅.

Config. 𝜅
(

𝑘𝑠∕𝑘𝑓
)

Dimensionless coeffs

𝜆𝑥 𝑚12 𝜆𝜃

SC
1.92

0.0453 0.002211
0.3693

3.85 0.2282

23.1 0.0971

TP
1.92

0.0027 0.000034
0.3250

3.85 0.1690

23.1 0.0342

WT
1.92

0.0759 0.005693
0.4134

3.85 0.2928

23.1 0.1688

NT
1.92

0.0789 0.005735
0.4745

3.85 0.3841

23.1 0.2436

with the thermal-slip coefficient 𝜆𝜃 calculated for different values of
the solid-to-fluid thermal conductivity ratio 𝜅.

Both fine-grained and homogenization-based simulations of the lam-
inar flow in the channels are conducted with the inlet velocity 𝑢̂ =
𝑖𝑛𝑙 𝑒𝑡

6 
0.14 m∕s. The Reynolds number evaluated based on the inlet velocity
and the channel height (= 10 mm) is around 100. In Fig. 4, the numer-
ical predictions of the homogenized simulations are validated against
the running-average results calculated from the full CHT analysis, in
terms of the temperature distributions along the fictitious interface
and along plane of symmetry of the channel. The figure reveals that
the upscaling approach employed permits accurate predictions for the
macroscopic development of the thermal field along the channels,
under different geometric conditions and thermal conductivity values
of the rough boundaries.

3.2. Simplified model for smooth channels

Regarding the smooth channels, three different geometries are in-
vestigated: a straight channel, a convergent–divergent duct and an
elbow pipe with a nozzle-like connection near the outlet, all charac-
terized by a smooth surface interface between the solid layer and the
fluid region. These specific geometries are chosen since they resemble
shapes commonly found in the human nasal anatomy.

The geometrical parameters are presented in Fig. 5 and Table 2. Fur-
thermore, to comprehensively explore the capabilities and limitations
of the homogenized boundary condition, four solid layer thicknesses
are examined for each case, particularly 1, 5, 10 and 15 mm while the
solid-to-fluid thermal conductivity ratio is constant at 𝜅 ≈ 3.85. Both
laminar and turbulent flows are investigated: an inlet velocity to match
a Reynolds number of 100 is applied to all the configurations (SM, CD,
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Fig. 4. Temperature distributions plotted against the normalized streamwise coordinate, along the fictitious interface and the centerline of the channel. In panel
(A), semicircular roughness (SC in Fig. 2) is considered with three values of 𝜅. Panel (B) shows the results for the roughness patterns sketched in Fig. 2, with
𝜅 = 23.1. The fluctuating dotted lines, superimposed in panel (A), represent the fully resolved temperature distributions along the fictitious interface. In both
frames, the filled circles are the running averages of the temperature distributions resulting from the full simulations (refer to the definition in Eq. (6)), while
the homogenized solutions are shown with solid lines.
Fig. 5. The simple ducts for the smooth channels are characterized by: 𝐷 channel diameter, 𝑑 solid layer thickness, 𝑙 channel length, 𝑢̂, 𝑇̂𝑖𝑛𝑙 𝑒𝑡 inlet velocity
and temperature and 𝑇̂𝑏𝑎𝑠𝑒 the base temperature. (EC) the ‘‘elbow convergent’’ case, (SM) the smooth channel, (CD) the convergent–divergent duct. The upper
boundary in channels (SM) and (CD) is adiabatic. For case 𝐸 𝐶, the radii of the upper and lower fluid-exposed surfaces of the elbow are fixed at 0.02 m and 0.01 m,
respectively.
EC), while another set of simulations with an inlet velocity to match
a Reynolds number of 4000 is run exclusively for the convergent–
divergent geometry (CD). In Table 2, the inlet velocities assigned to
achieve the desired Reynolds numbers are given. In Fig. 6, the temper-
ature results for these cases are shown; a good agreement between the
analytical model and the fully resolving simulations is found as long
as the separation of scales is respected such that the simple effective
condition of temperature (25) applies. It should be noticed that the
normalized coordinate is defined as 𝑠̂𝑛𝑜𝑟𝑚 = 𝑠̂∕𝑚𝑎𝑥(𝑠̂), where 𝑠̂ is the
curvilinear coordinate. In SM and CD, 𝑠̂𝑛𝑜𝑟𝑚 coincides with the normal-
ized streamwise coordinate, while in EC it is the normalized distance
along the boundary of interest following its curvature. Additionally,
the dimensionless temperature 𝜃 reported in the figure is given by

𝜃 =
𝑇̂ − 𝑇̂𝑖𝑛𝑙 𝑒𝑡
𝑇̂𝑏𝑎𝑠𝑒 − 𝑇̂𝑖𝑛𝑙 𝑒𝑡

such that its value is bounded between 0 and 1.

3.3. Complex ducts with a preferential heat transfer path

In this section, channels delimited by boundaries of complex geome-
tries which are characterized by a preferential heat transfer path are
analyzed. This means that the solid layer thickness, which is kept con-
stant, should be sufficiently smaller compared to the other length scales
such that heat transfer is favored in that direction of relatively lower
thermal resistance. Under this condition, the effective temperature
7 
Table 2
Characteristic dimensions of the channels sketched in Fig. 5 with inlet veloci-
ties.

Config D [mm] l [mm] 𝑢̂𝑖𝑛𝑙 𝑒𝑡 [m/s]

EC 10 105 lam 0.15

SM 10 100 lam 0.15

CD 20 200 lam 0.075

tur 3.0

boundary condition (25) applies, and this can simplify the numerical
analysis of the CHT.

3.3.1. Wavy-channel flow
Two undulating channels with preferential heat transfer path are

analyzed here. Both have walls with large curvature; one is straight,
and the other is convergent. The characteristic dimensions are shown
in Fig. 7 along with the results of the full and the simplified simu-
lations, performed with different values of the solid-to-fluid thermal
conductivity ratio, 𝜅. The inlet velocity is equal to 0.14 m∕s, which
corresponds to a Reynolds number of about 100 (Laminar). The results
are evaluated both along the line of symmetry of the channel and along
the inner surface of the bounding wall where the effective temperature
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Fig. 6. The results for the smooth channels in Fig. 5 are presented here; four different thicknesses 𝑑 are applied to the solid layer (1, 5, 10 and 15 mm). The
dimensional and the non-dimensional temperatures (𝑇̂ on left ordinate and 𝜃 on right ordinate, respectively) are plotted against the normalized coordinate 𝑠̂𝑛𝑜𝑟𝑚.
The sampling is performed at the solid–fluid interface. For (EC) sampling is performed at the lower interface.
Fig. 7. Temperature results along the solid–fluid interface and the centerline of the channel for two complex geometries with a preferential heat transfer path
and considering three different values of 𝜅. The results are plotted against the normalized streamwise coordinate. (CONST) is characterized by a wavy pattern
and the same height of the duct at inlet and outlet. (CONV) has the same waviness but is characterized by a smaller duct height at the outlet relative to the
inlet. The circles show the results of the full CHT simulations, while the predictions with the effective temperature boundary condition are shown with solid
lines. Reproducibility note: the first interface point in the simulations is located at a distance of order 0.1 mm from the inlet, reported to disclose the localized
near-inlet grid-dependent effect.
boundary condition (25) is imposed. A good agreement is found for
both geometries at all the values of 𝜅 considered.

3.3.2. Flow in the upper airways
A comparative analysis between the results obtained from the full

CHT simulation of the nasal airflow and those generated employing
8 
the effective temperature boundary condition (25) at the interface
between the mucous layer and the flowing air is presented here, with
a specific focus on assessing the accuracy of the latter in modeling
the air warming in the nasal airways. The present contribution con-
nects to a previous work [28] on the nasal thermodynamics in which
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Fig. 8. 3D nose model including the external air volume around the nose tip (a) and the interface between the mucous layer and air region (b).
the CHT is studied and the turbulent flow is simulated via RANS as
well as highly resolved LES. The motivation resides in the clinical
significance of accurately identifying the coldest regions within the
nasal cavity surface tissue, as they are associated with an elevated
risk of bleeding. Notably, this phenomenon remains unaddressed when
employing a uniform wall temperature boundary condition [19–21].
The patient-specific geometry is reconstructed starting from images
acquired through Computed Tomography (CT) scan. A 3D model is
produced using the software 3D Slicer [29]. The procedure includes
choosing a threshold for radiodensity levels [30] and smoothing the
geometry to reduce the amount of details in order to achieve a me-
shable geometry [31]. In this study, the frontal and paranasal sinuses
are removed. A spherical air volume surrounding the external nose is
added to relocate the inlet area of the computational domain away
from the nostrils, see Fig. 8. For the CHT simulation, the internal
airways are bounded by an outer solid tissue whose thickness extends
to a boundary where the internal body temperature is recovered. This
thickness is taken as 0.5 mm, which is close to the value used in
the work by Wu et al. [32]. As a side note, the tissue is two or
three orders of magnitude thicker than the mucous layer alone. It is
important to emphasize that some air passages are characterized by
a diameter smaller than 1 mm and, therefore, the length scales are
not perfectly separable there; this necessitates validation of the model.
A constant temperature value of 310 K is imposed on the outer wall
of the entire solid layer, based on the assumption that the network
of the blood vessels beneath this layer is dense enough to keep the
surrounding tissues at body temperature [33]. The stationary layer is
modeled as a layer of water [28,32,34]. This simplification is reason-
able since the mucous layer consists of 90%–95% water [35], and the
underlying pseudo-stratified epithelium, which enables its production,
is also rich in water. This stationary outer layer is omitted in other two
simplified simulations where either a constant temperature (310 K) or
the homogenization-based effective condition (25) is imposed at the
boundary of the internal airways. The flow is forced at a constant
rate of 16 l/min [36] (corresponding to a Reynolds number of 4000,
evaluated at the throat based on the equivalent hydraulic diameter),
the air enters the domain at a temperature 𝑇̂𝑖𝑛𝑙 𝑒𝑡 = 280 K, and the solid
properties for the tissue are given by 𝜌 = 993.36 k g∕m3, 𝑘𝑠 = 0.598
W∕(m K ), 𝑐𝑣 = 4181 J∕(k g K ). It is worth mentioning that the air
conditioning function of the nose is not limited to the mere warm-
ing/cooling of the air, but it also includes humidification [34,37]; the
latent heat associated with evaporation/condensation is important to
be taken into account towards a complete understanding of the nasal
thermodynamics [16,38]. Inthavong et al. [15] found out that the latent
heat energy transfer rate is almost one order of magnitude larger than
the sensible heat effect. Nonetheless, the present work considers only
the conductive–convective heat transfer in the nose taking its geometry
as an example of complex ducts, mainly to validate the upscaled model
and highlight its advantage. It is however encouraging to incorporate
the role of moisturizing in the numerical framework for future research,
9 
which necessitates coupling with governing equations of the mass
transfer in addition to possible adjustment of the effective temperature
condition, depending on the case under study. The OpenFOAM utilities
blockMesh and snappyHexMesh are used to generate the computa-
tional mesh. Quality is assured using a maximum skewness of 4 and a
maximum non-orthogonality of 55◦, with a total mesh of 15.4 million
cells (9.4M for the fluid domain, 6M for the solid). The mesh of the
fluid region is the same in the full CHT simulation and the simplified
ones, allowing for a node-by-node comparison between the results of
the different approaches. In Fig. 9, the temperature values along the
interface separating solid and fluid regions are shown, according to
the simulation where the effective boundary condition (25) is applied.
The greatest differences from the internal temperature of the body
(i.e., 310 K) are observed on the surface of the nose directly in contact
with the external environment and in the vestibular area; clearly, these
regions are far from the naso-pharynx in which the approximation of a
constant interface temperature of 310 K can be considered acceptable.
As also noted in [28], there is a wall temperature drop to around 306 K
(≈ 33 ◦C) at the beginning of the middle and inferior turbinates. The
results obtained from the homogenized simulation are validated against
those obtained from the full CHT simulation by computing the differ-
ences between the two corresponding temperature fields. As can be
seen from Fig. 10, the homogenized boundary condition works well in
reproducing the effect of the mucous layer without the need to simulate
thermal conduction through it. In fact, within the computational fluid
domain, temperature differences are between 0 K and ±0.1 K, with the
maximum temperature discrepancy being around 0.3 K in the coronal
section number 3. This corresponds to a difference of 1% relative to
the temperature jump present within the domain (i.e., 𝑇̂𝑏𝑎𝑠𝑒 − 𝑇̂𝑖𝑛𝑙 𝑒𝑡)
which is equal to 30 K. In general, the biggest differences occur where
the surface curvature is very high or in the narrower sections. For
a better interpretation of the accuracy levels, we also compare the
full CHT analysis with the simplest simulation in which a uniform
temperature of 310 K is imposed at the interface between the air and
mucous layer. As illustrated in Fig. 11, more significant differences can
be observed (compared to those reported in 10), reaching up to 2 K.
These differences are observed mainly in the vestibule, the nasal cavity
and the beginning of the turbinates.

4. Discussion

The results presented above show that the upscaling theory adopted
can be successfully applied to conjugate forced convection problems
in channels delimited by perturbed walls (Section 3.1); the theory can
be easily extended to the smooth-channel limit (Section 3.2) where an
analytical solution for the thermal-slip coefficient can be found. Simple
cases show good behavior of the model even if the hypothesis of separa-
tion of scales does not perfectly apply, while when this is accompanied
by geometry complications (here, the elbow pipe case in Fig. 6-𝐸 𝐶)
careful attention should be paid to the assessment of applicability of
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Fig. 9. Temperature distribution over the mucus–air interface, evaluated from the homogenization-based simulation.
(a)

(b)

Fig. 10. Deviation of the homogenization-based prediction for the temperature field from the reference solution of the full CHT analysis. The differences
(𝑇𝐻 𝑂 𝑀 − 𝑇𝐶 𝐻 𝑇 ) are displayed on four coronal sections (1–4) and on sagittal slices across left (𝑆 𝐿) and right (𝑆 𝑅) nostrils.
the theory. The plots in Fig. 6-𝐶 𝐷 𝑙 𝑎𝑚 clarify the agreement between
the results of the model and the fine-grained simulations in a channel
with a sudden decrease in the cross-sectional area. In the initial segment
of the channel (up to 𝑠̂𝑛𝑜𝑟𝑚 ≈ 0.1), having a constant area, the tem-
perature at the interface increases along with the development of the
thermal boundary layer. In the region of sudden contraction, thinning
of the thermal boundary layer is experienced (higher magnitudes of
the negative temperature gradient at the wall) as the cold air stream is
pushed down towards the interface. As a result, the temperature at the
interface drops in this part of the channel, which can be easily inferred
from the effective relationship (25). It is also interesting to highlight
that in Fig. 6-𝐶 𝐷 𝑡𝑢𝑟 the levels of temperature along the interface are
lower due to the higher air mass flow rate through the channel and the
improved heat exchange between fluid layers under turbulence. Within
the range of applicability of the model, the predictions are in very good
agreement with results of the fine-grained simulations even for complex
structures of the boundaries (cf. Section 3.3). In Fig. 12, the dependence
of the average temperature at the channel outlet on the thickness of the
10 
heated wall is displayed for each of the cases studied in Section 3.2,
i.e. (SM) the smooth channel; (EC) the ’’elbow convergent’’ case; (CD)
the convergent–divergent duct under either laminar (lam) or turbulent
(tur) flow conditions. The model predictions are validated against
results of the fully resolving simulations, and reasonable accuracy levels
are found. The corresponding values of the relative error in the model
predictions for the averaged dimensionless temperature, 𝜃, at the outlet
are summarized in Table 3. In Table 4, values of the RMSE (in its
normalized version) of 𝜃 evaluated on the interface are provided for the
simple ducts with the four tested thicknesses. This quantity is defined
as:

𝑅𝑀 𝑆 𝐸 =

√

√

√

√
1
𝑁

𝑁
∑

𝑖=1

(

𝜃ℎ𝑜𝑚−𝑖 − 𝜃𝑐 ℎ𝑡−𝑖
𝜃𝑐 ℎ𝑡,𝑚𝑒𝑎𝑛

)2
× 100 [%] (26)

where 𝜃ℎ𝑜𝑚−𝑖 and 𝜃𝑐 ℎ𝑡−𝑖 are the non-dimensional temperatures and 𝑖
refers to each sampling point on the interface, 𝑁 is the total number
of samples and 𝜃cht,mean denotes the mean value of 𝜃cht along the
interface of interest. While the errors are marginal for the majority
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Fig. 11. Deviation of the temperature field prediction when a fixed temperature (310 K) is imposed at the mucus–air interface from the reference solution of the
full CHT analysis. The differences (𝑇𝑓 𝑖𝑥 − 𝑇𝐶 𝐻 𝑇 ) are displayed on four coronal sections (1–4, as in Fig. 10) and on sagittal slices across left (𝑆 𝐿) and right (𝑆 𝑅)
nostrils.
Fig. 12. Behavior of the average temperature on the outlet patch with the
increase in the solid layer thickness (𝑑), plotted for the four cases considered
in Section 3.2.

of configurations, we highlight that considerable deviations between
the model predictions and the reference results are realized in the
elbow-convergent case with large thicknesses of the boundary (10 and
15 mm). This is expected (in view of point (iv) in the notes given in
Section 2.3) and can be attributed to the large values of the thickness-
to-radius ratio 𝛤 (respectively, 2 and 3) with which the flat-interface
assumption is no longer valid. Note: the results are accurate for 𝑒 =
1 mm (𝛤 ≈ 0.1) and for 𝑒 = 5 mm (𝛤 ≈ 0.67).

The following notes on the computational advantages of the effec-
tive model are worth highlighting.

i. The classical full simulation of the flow and the conjugate heat
transfer in channels bounded by rough walls can be computa-
tionally demanding, due to the required expensive numerical
resolution of the fields near and within the features of the ribbed
boundaries. The homogenization-based approach applied in Sec-
tion 3.1 is, in contrast, concerned with the upscaled fields, where
equivalent, macroscopic boundary conditions of the velocity and
temperature are imposed at a plane virtual surface next to the
physical rough wall. This can significantly alleviate the mesh
requirements and accelerate the numerical study. The reader is
referred to [26] where a quantitative analysis of the reduction
in the mesh and the elapsed wall-clock time — including the
time required to obtain the coefficients — is presented, although
natural convection, and not forced conjugate convection, is in-
vestigated there. Another point is that structured mesh can be
11 
Table 3
Values of the average dimensionless temperature, 𝜃, at the channel outlet,
evaluated from the full conjugate heat transfer analysis (cht) and the homog-
enized model (hom), besides the corresponding percentage error in the model
predictions (%𝛥). The values given in the left column refer to the thickness of
the heated wall, 𝑑.

𝑆 𝑀 𝐶 𝐷 𝑙 𝑎𝑚 𝐶 𝐷 𝑡𝑢𝑟 𝐸 𝐶

1 mm
cht [−] 0.369 0.621 0.084 0.750
hom [−] 0.369 0.651 0.082 0.765
%𝛥 [−] 0.005 0.303 0.018 0.140

5 mm
cht [−] 0.299 0.514 0.034 0.595
hom [−] 0.299 0.538 0.034 0.610
%𝛥 [−] 0.001 0.248 0.003 0.143

10 mm
cht [−] 0.241 0.420 0.025 0.464
hom [−] 0.240 0.440 0.025 0.483
%𝛥 [−] 0.004 0.200 0.006 0.188

15 mm
cht [−] 0.200 0.354 0.022 0.375
hom [−] 0.200 0.353 0.022 0.400
%𝛥 [−] 0.004 0.013 0 0.240

Table 4
The Root Mean Square Error (RMSE) in the model results for 𝜃 along the solid–
fluid interface for the four simple ducts. The values given in the left column
refer to the thickness of the heated wall, 𝑑.

𝑆 𝑀 𝐶 𝐷 𝑙 𝑎𝑚 𝐶 𝐷 𝑡𝑢𝑟 𝐸 𝐶
1 mm 0.38% 0.43% 2.23% 0.70%
5 mm 1.00% 0.75% 3.72% 3.12%
10 mm 1.40% 1.31% 5.10% 9.69%
15 mm 1.70% 4.06% 5.83% 19.83%

generated easily in the homogenized simulations, unlike the fully
resolved ones.

ii. In the smooth-channel limiting case (i.e., in the absence of
roughness elements) the mesh reduction and the time saving
achieved by applying the model are of lesser significance since
resolving conduction in the smooth solid layer is usually not very
computationally demanding. However, this does not apply to a
complex configuration like the nasal airflow, where the number
of cells required to resolve the solid layer is large, primarily
for geometrical reasons rather than for purely computational
ones, in fact introducing a solid layer, of arbitrary thickness,
in a very complex geometry introduces a series of meshing
difficulties which scales with cell dimension, among which it
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emerges the inability of accurately following the interface in case
of small geometrical features which are inaccurately described
when using a large cell; in the case of the nose, these difficulties
emerged consistently and caused self-intersection problems, the
collapse of the cells and many other mesh failure causes that
motivate the need of using a large number of cells to accurately
model the shape of the solid layer rather than for purely compu-
tational requirements. The geometrical requirements had a large
impact on the final cell count which was then estimated once the
equivalent boundary condition was implemented: the number of
cells reduced by 39% and the RAM usage, during the simulation,
reduced almost linearly of a 40%. It is also worth noting that,
along with the cell and RAM usage, also the computational time
reduced by, around, 20%.

5. Conclusions

In the present contribution, an upscaling method is applied to the
problem of internal, pressure-driven, developing flow with conjugate
heat transfer. Macroscopic boundary conditions of the velocity and tem-
perature are adopted and validated on different roughness patterns. The
mplementation of this typical effective framework under the preceding
onditions represents a significant advancement to homogenization-
ased modeling. Besides, we consider the smooth-channel limiting
cenario for which an analytical expression of the thermal-slip coeffi-
ient can be easily derived. This special, simplified version of the model
s tested on simple and complex-shaped ducts, from arbitrary two-
imensional channels up to a biological configuration, i.e., the upper
espiratory tract of a human. The results obtained exhibit, in general, a
trong agreement with the classical fully resolving simulations. For the
uman nose case, the error in the temperature field across the whole
omain is found to be below 1%, which emphasizes the advantage
f the Robin temperature boundary condition as an accurate, cheaper
lternative to the full conjugate heat transfer analysis in practical
pplications. Moreover, it permits an easier pre-processing of complex
eometries by allowing us to eschew the introduction of the solid layer;
his yields a more robust computational setup whenever the problem of
nterest is geometrically complex.

In light of the rediscovery of multiscale homogenization in recent
ears and the growing number of studies on its application to a variety
f physically relevant problems, we believe that this paper opens up
ew perspectives for the implementation of the theory. In particular,

it is encouraging to work on more sophisticated homogenization-based
approaches for multiphysics modeling; this permits a wider applicabil-
ity of the theory to practical engineering problems. Moreover, it would
be interesting to employ the effective boundary conditions resulting
from these approaches to accelerate large-scale optimization studies of
the wall texture/topology in pursuit of improving the performance of
thermal and fluid transportation systems.
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